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1. Introduction

Repeated measurements analysis is widely used in many fields, for example, in health and life
science, psychological, and so on [1]. Repeated measurements is a terminology used to describe data in
which the response variable for each experimental units is observed on multiple times and possible
under different experimental conditions [2]. We use the mean square error to compare the maximum
likelihood estimator with the penalized likelihood estimators[3]. Multi-sample repeated measures
ANOVA model is supposed to be a model of repeated measurements a p time points that are obtained
from g groups of subjects[4]. Al-mouel and jassim [5] study the two-way multivariate repeated
measurements analysis of variance. Al-mouel and jassim [6] study the sphericity test for repeated
measures model. Al-mouel and Fakhir [7] study of two-way multivariate repeated measurements
analysis of covariance model. Al-mouel and abbas [8] study the one-way multivariate repeated
measurements analysis of covariance model. Al-mouel and mustafa [9] study the roy's union-
intersection test in one-way multivariate repeated measurements analysis of variance model. Al-mouel
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and mustafa [10] study the sphericity test for one-way multivariate repeated measurements analysis of
variance model. Al-mouel and Al-Shmailawi [11] study estimation of variance components in the one-
way repeated measurements model. Kareem, Jassim, and Al-Hareeb [12] introduced mathematical
technique that concerns the finding of minimum or maximum of functions in specific possible area.
Jassim and al-mouel [13] propose the lasso method for choice of penalty level and investigate the error
of the lasso estimator in repeated measurements model. Jassim and al-mouel [14] propose high-
dimensional repeated measurements model. In this paper, we study two estimation methods for three-
way repeated measurements model. We look at the various factors that contribute to accuracy, such as
sample size, and biased estimation.

2. Setting Up The Model
@ijk = L+ i) + Bjaw + Ao *Eijro

where @jj is the response variable, (), Bjck), and Ajqy are the random effects for alli=1,...,a,j =
1,...,b,andk = 1,...,n and €;;y is the random error foralli=1,...,a,j=1,...,b,andk =1,...,n.

We assume that ogyii.d~N(0,62) , Bjaii.d~N(0,0%) , Agyi.id~N(0,05) , and
€jjx i.i.d ~N(0,02).

Now, we start with this identity to partition SS;yta

Qik — 9. = (04, — 91) + (Pjx — D) + @ik — P.x)
+ (Qijk — Pij. — Pjk — Pik + P + P + Pk — D),

we found that SS, SSg, SS;, and SS, are defined as follows

SSq = Xy Py Xiea (@5 — 31.)", S8p = Ty TP Thet (85— 95’

SSh =2 Zjb=1 2k=1(Pik — ?.1)%

and S8, = Yy TPy X (@i — By — Bk~ Pik+ Bi. + Py + P~ 3..)

Table 1. Analysis of variance table

Source of D.F. SS MS  F —ratio F table value

Variance

Random « a(b—1) SS,  MS, MSq F[a(b-1),(a-1)(b-1)(n-1);1-a]
MS,

Random § b(n—1) SSg MSg MSg F[b(n-1),(a-1)(b-1)(n-1);1-a]
MS,

Random A na—1) SSy MS, MS, F[n(a-1),(a-1)(b-1)(n-1);1-a]
MS,
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Error (a-1)(b-1)(n- SSe MS,
1)

3. Maximum Likelihood Estimation

In this section, we estimated the variance components by using the maximum likelihood method.
Theorem 3.1. The variance components estimators are:

02 = MS,, no? + o = MSy — MS,, acj + 03 = MSg — MS,, and 0% + boj = MS, — MS,.
Proof. The likelihood function is

1{sseL SSq . SSg . sS, . abn(@.-w? }

exp|—
p 2| 62 'no+o2+0? acZ+c2+02 04+bo2+02 noZ+acs+bo2+02
€ atopgTOe BTOATCe Ca AT0€ o B AT 0€

L=

1 1 lv lv 1 1>
1 ~v a v
(Zn)zabn(og)z E(n0a+0§+0§)2 (a0§+0§+0§)2 B(oé+b0§+o£)2 A(ncﬁ+acé+bo§+cé)2

where ve, v, vg, and v, are defined as follows:
ve=(@-1Db-1Dm-1),vqy=a(b—-1),vg =b(n—1),and v, =n(a—1).
The log-likelihood function is
In(L) = — % [abnln(Zn) +veln(6?) + veIn(no? + of + o2) + vgin(acf + o5 + 02) +

2 2 4 2 2 2 24 42) 458 SS
valn(o? + boj + 62) + In(noZ + acg + boj + 07) + G—g + rm(zx+—c%-|—0'§

_|_

SSg SSx abn(@..—p)?
acg+oi+of = ogtboi+of | nog+ach+bos+oZ]’

dln(L) dln(L) dln(L) dln(L)
doZ ’ 6(n0§+0é+6§)’ a(aoé+6§+6§)' d(c%+boj+02)’

02 = MS,, no2 + of = MSg — MS,, acj; + 05 = MSg — MS,, and 03 + boj = MS, — MS..

by equating to zero the derivatives we have

Theorem 3.2. The maximum likelihood estimators are unbiased and have these bias equations:
E(o?) — 02 =0,
E (noﬁcé) — (noj +0§) =0,
E (a(ré’:csi) — (acg +03) =0,
E (oéi\bci) — (6% +bo3) = 0.
Proof. E(o%) — 02 = E(MS,) — 02
2

o
= V—:V€ — o?
=0,
E (noa’:cré) — (noZ + o) = E(MS, ; MS,) — (no3 + o3)
nog + of + of 02
= %VQ - V—Eve — (no% + of)
=0,
E (acf + 0% ) — (ac} + %) = E(MSg — MS,) — (ac} + o3)
acj + o3 + o2 02
B A €
= V—BVB - V—Eve - (aoé + G%)
=0,

E (oé/-i—\bci) — (0% + ba3) = E(MS, — MS,) — (03 + bo3)
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o2

€ 2 2
vy ——V,. — (05 + bo

vy, A Ve € (oc ?\)
=0.

Theorem 3.3. The maximum likelihood estimators have these variances

02 + bos + 0?2

e 2 2\2
var(cg) = () .

Ve

2 2 + 2 + 2 2 2 232
var (nc(zx + 0[23) = (nca VGB GG) + (:E) ,

[0 4 €
- 2 2 + 2 + 2 2 2 2N\2
var (30'[23"‘0'}2\) _ (308 VO')\ 0'6) + (:e) :

B €

2 + bos + 2
oo ) < 2T G
Proof. Var(@) = var(MS,)

ve |

Var( o + O'E) = var(MS,) + var(MS,)
2 2 2\ 2

<n0a + o + o¢

) 2vy + Var(frz)
VO(

3 2(no? + O'B + ce) 2(02)2

V(X
var (aoé + Gi) = var(MSg) + var(MS,)
ao? + o2 + o2\’
_ < g+ 0ox+oe

= ve ) 2vg + Var(@)

_2(a0é+0§+0 ) 2(0

)

Ve

vp
var (0(21 + bci) = var(MS,) + var(MS,)
02 + bo? + o2\" -
= <°‘V—“> 2v; + var(o?)
A

_ 2(0% +boj + 02)2 N 2(02)?

Ve

Va Ve

4. Maximum Penalized Likelihood Estimation

In this section, we estimated the variance components by using the penalized likelihood method
Theorem 4.1. The variance components estimators are

SSe  SSe

aog + 0
vat+2 ve+2' T B A

SSe_ SS SS
— andcs(21+b0}\——}‘— .
ve+2 V5+2 vyt+2

Vet2
Proof. The penalized log-likelihood function is

In(Lp)=In(L) + In p(c?, 6%, 6§, 0%)
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where the prior distribution for 2, 63, oé, and o3 is

1
Gg(ncé + Gé + 02)(a0é + 0% + 0%)(0& + boi + 02)'

p(02,0% 03,02 )a

In(L,) = —% abnln(21) + veln(o?) + veIn(no + of + 02) + vgln(ach + o3 + o)
2 2, 2 2 2 2 2y, SSe SS«
+ v;\ln(ca + boy + ce) + ln(nca +aog + boy + 06) + o_g + W
SSg SS,, abn(p_ — p)?
ac§+0§+0§ 02 + bo? + o2 n0§+a0é+b0§+0§
—In(nof + of + 02) — In(ac + 03 + 6Z) — In(03 + boj + 02),

—In(c?)

the additive penalty term is the log-likelihood for the Bayesian prior density.
dln(Lp) dln(Lp) dln(Lp) dIn(Lp)

By equating to zero the derivatives , , , , we have
y €q g dc? a(naﬁ+6§+6£) 6(ac§+c§+c§) d(c%+bo%+02)

— SS Ss Ss I Ss SS — Ss SS
2 — € 2 2 a € 2 2 _ B € 2 2 _ A €
€ ye+2’ hog + O Vat2  vet2' aog + 0} vg+2  ve+2 and og + bO'}\ vat2  ve+2'

Theorem 4.2. The maximum penalized likelihood estimators have these bias equations:

2

_ 02
E(o2) — o2 = v, — 02
(6) € V€+2 € €’

no? + of + o’ o?

E (noﬁcé) — (no% + 0[23) = — (no? + 0[23),

Vo — v
Vo + 2 * ove+2 €

2, 2, 2 2
— aog + o) + o¢ O¢
Ea02+02)— a0% + 02) = P Vg — v, — (ac3 + 02),
( 3+ ox) ~ (a0 + o) vg + 2 Py +2 € (ac +03)
2 2, 2 2
— ogt+boy+o o
E (02 + bo?) — (02 + bo?) = =2 £vy ————v. — (62 + bo?).
(a A) (a }\) V;\+2 A Ve+2€ (0( 7\)
2)— 2 = R (S5 _ 42
Proof. E(02) GE_E(vE+2) o¢
2
o2 5
= vV, — 02,
vet2 ¢ €

— SS SS
B (nef o) = i of) = 5 (G55 5 g) ~ o)

nog + of + o? o2

v
Vo + 2 “ v+ 2

Ve — (noj + of),

N SS SS
E (acé + G%) — (acf +03) = E("B -fZ v +€2> — (ac} + 03)

_aoé+0§+0§v ot
vg + 2 B Ve +2

Ve — (acé + cs;%),
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_ $S,  SS
2) _ € 2
E(G§+b0§\) — (6% +boj) = E(V;L+2 “vt 2) — (0% + boy)
2 2, 2 2
oy + bojy + o¢ O¢ 2 )
= - — (62 + bo?).
vy + 2 A Vet 2 Ve (Ga 0}‘)

Theorem 4.3. The maximum penalized likelihood estimators have these variances:

2 \2
52) = [ Z¢
var(ce) = (V n 2) 2v,,
€

2 2
_ 2vy(no? + of + o2) o?
2 2\ _ o o B € €
var (nca + O'B) = (Ve + 2)2 < )

2vg(ach + o3 + 02)2 < o? )2
Ve,

var (a2 + 02 ) =
( ¥ )\) (VB + 2)2

2 2
— 2vy (0% + bog + o2) o?
2 2\ _ o4 A € €
var (Ga + bc)\) = s 1 2)2 + 2ve.

Proof. var(c?) = Var( < )
Vet2

o? 2
= 2v.,
(Ve + 2) Ve

— SS SS
var (no?x + 0'[23) = var (V _:2) + var (V _:2)
04 €

oy + of + o2 22 —
=(————) 2v, +var(o
Vo + 2 “ (o2)

B 2v,(nof + of + 62)2 N o2\’
B (Vo + 2)?

— SS SS
var (aoé + ci) = var <V _f2> + var (v _:2)
B

acg + 03 + o? 2 , —
= —- +
— vg + var(o2)

2vg(ach + o5 + 0%)2 ( o2 >2
= Ve,

(vg + 2)° Ve + 2
() - () ()
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2 2 2\ 2

ogy + boy + o¢ —
=—————] 2v, + var(o?
< V7\+2 A (e)

_ ZV;\(O'EL + bog + 02)2 o? 2
B (va +2)?

5. Likelihood Ratio Test
We define the null and alternative hypotheses as follows:
HO: U= Ug Versus H1: u * Ho.

The likelihood ratio test statistic is

(@) = L(pole)
¥ Lo
(an)_aaneXp <_ Z?zlz})zlzz%l((p”k - uO)z)
- abn _ya b n =)
(ZTtw)_%exp( i:12j=12§z)1((p1]k .) )

2 — N2
_ exp [_ iazl Z]bzl Zﬂzl((pl]k - IJO) + Z?:l Zlbzl ZE:I((pl]k - (p) ]
B 2w

)

_ —abn(@,, — po)?
= exp P

where @ _ is the maximum likelihood estimator for i, and w = 6% + o + o3 + o2.

We reject H, for small values of t(¢), the rejection region is

T —2w(log0) —2w(log 0)
{cp. . —Hol = /—abn } where 0 < (< 1,and 0 < /—abn < oo,

6. The Experiment

The data of the experiment was taken from the laboratory of storage technologies, department of
horticulture and landscape engineering, university of basra during the growing season 2020-2021 on
sider fruits of red malasi variety, to investigate the effect of treatment with chitosan, type of packing
and storage period on sidr fruits, cultivar Malasi red, on the percentage of spoilage [15]. The experiment
included two levels of chitosan, also there are three levels of packing, and five levels of storage period.
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Table 2. The data

chitosan Type

of

polymer packaging

storage period

coating before w2 wi w6 w8
storage
0% pl 0.00 3.33 5.67 12.67 35.33
p2 0.00 10.67 25.00 38.33 75.00
p3 0.00 5.67 12.33 24.67 43.33
1% pl 0.00 0.33 2.00 5.67 15.33
p2 0.00 5.33 11.67 21.67 46.67
p3 0.00 2.33 5.33 14.00 36.67
2% pl 0.00 0.33 1.33 3.00 11.67
p2 0.00 3.33 5.67 5.67 12.67
p3 0.00 1.33 3.33 7.33 21.33
Table 3. ANOVA table
Source of VVariance D.F. SS MS F-ratio F table value
Random a 6 1301.29472  216.882453 217791  2.74131
Random B 12 5466.3438 455.52865 457437  2.42466
Random A 10 2772.81513  277.281513 2.78443  2.49351
Error 16 1593.32491  99.582806875
MSB

. . S
since the calculated test statistics Fp = U, and F =

MS

MS,

hypotheses HE: all aog + o3 = 0,and Hy: all 6% + boj = 0, are rejected.

greater than the table values, then the null
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Table 4. Variance components estimators

parameter maximum likelihood estimator maximum penalized likelihood
estimator
s 99.582806875 88.5180505
nog + o 117.299646125 162.66184
aog + o 355.945843125 390.4531285714
0%+ bo;z\ 177.698706125 231.0679275

The results in the above table showed the accuracy of the repeated measurements model because the
variance of the error is smaller than other variances in the percentage of spoilage.

7. Conclusion

Different estimation methods have different assumptions and handle data differently, so it's
important to choose a method that aligns with the data characteristics. If the focus is on estimating fixed
effects and hypothesis testing, MLE or REML may be appropriate. If the interest lies in quantifying
uncertainty and incorporating prior knowledge, Bayesian or maximum penalized likelihood estimation
may be more suitable. The penalized likelihood estimator offers several advantages over traditional
methods for variance component estimation. Firstly, it can effectively handle unbalanced data, this
ensures that each observation has a fair influence on the estimation. Additionally, the penalized
likelihood estimator can handle small sample sizes.
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