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1. Introduction 

           Lacunary interpolation using spline functions is a significant area of study within numerical 

analysis, particularly for approximating functions and solving differential equations. This method is 

particularly useful when dealing with incomplete data sets, where certain values are missing 

(lacunary data).  

            Lacunary interpolation aims to construct a spline function that approximates a given set of 

points, even when some of these points are absent. Spline functions, which are piecewise polynomial 

functions, provide a flexible and smooth approximation that can be tailored to fit the available data 

points. Recent studies have extended existing methods for lacunary interpolation. For instance, a 

paper published in 2023 discusses the extension of five-degree spline (0,4) lacunary interpolation on 

uniform meshes. This research highlights the outcomes, uniqueness, and error boundaries associated 
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with this generalized approach, demonstrating its superiority over previous methods using lower-

degree splines [1]. 

         Additionally, historical research has laid the groundwork for understanding lacunary 

interpolation, with early studies dating back to the mid-20th century, focusing on various cases of 

interpolation and the mathematical frameworks that support these methods. [2-7] 

       Saeed. R. K. and Karwan H.F. Jwamer [8-10], Phillips [9], and Saeed, R. K [11], examined 

lacunary interpolation using spline functions of class 𝐶3[0,1]. This paper examines a comparable 

issue. However, the spline function's construction is where the key distinction lies in this instance. 

To describe it, let's ∇: 0 = 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑛−1 < 𝑥𝑛 = 1 be a consistent division of the interval  

[0,1], when 𝑥𝑗 = 𝑗ℎ , 𝑗 = 0,1, … , 𝑛 ; 𝑛ℎ = 1. The class of spline functions 𝑆𝑝(6,3, 𝑛)  is defined as 

follows: { 𝑆𝑝(6,3, 𝑛) is the class of spline functions S∇(𝑥) such that S∇(𝑥) is a polynomial of degree 

less than or equal to 6 on each sub-interval  [𝑥𝑖 , 𝑥𝑖+1] , 𝑖 = 0,1, … , 𝑛 − 1 and S∇(𝑥) ∈ 𝐶
3[0,1] with 

n  knots}. The class of spline functions  Sp(6,3, n)  any element S∇(𝑥) ∈ 𝑆𝑝(6,3, 𝑛) in this work 

satisfies the following requirements: 

𝑠𝑘
(𝑟)(𝑥𝑘) = 𝑓

(𝑟)(𝑥𝑘) = 𝑦𝑘
(𝑟)
. 𝑟 = 0,2,4 ; 𝑘 = 0,1, … , 𝑛 − 1,                                                                     (1) 

𝑠𝑛−1
(𝑟) (𝑥𝑛) = 𝑓

(𝑟)(𝑥𝑛) = 𝑦𝑛
(𝑟)
. 𝑟 = 0,2,4,                                                                                                         (2) 

𝑠𝑘(𝑥𝑘+1) = 𝑠𝑘+1(𝑥𝑘+1) = 𝑓(𝑥𝑘+1) = 𝑦𝑘+1; 𝑘 = 0,1, … , 𝑛 − 2,                                                               (3) 

𝑠𝑘
(𝑟)(𝑥𝑘+1) = 𝑠𝑘+1

(𝑟) (𝑥𝑘+1) = 𝑓
(𝑟)(𝑥𝑘+1) = 𝑦𝑘+1

(𝑟)
 . 𝑟 = 0,2,4 ; 𝑘 = 0,1, … , 𝑛 − 2,                                      

(4)    

𝑠0
′ (𝑥0) = 𝑓

′(𝑥0) =  𝑦0
′  , 𝑠𝑛−1

′ (𝑥𝑛) = 𝑓
′(𝑥𝑛) = 𝑦𝑛

′  .                                                                                     (5) 

UNIQUENESS AND EXISTENCE 

          We now talk about the existence and originality of our approach, which is covered in this 

section. In the situation of uniform partition and a simplified bounded condition, the analogous error 

estimate for the much less smooth class of functions 𝑓 ∈  𝐶6[𝑎, 𝑏] can be calculated as follows in 

terms of the modulus of continuity: 

 Theorem 1: A unique spline function S∇(𝑥) ∈ 𝑆𝑝(6,3, 𝑛) that meets the requirements 1–5 exists. 

Proof: if possible, suppose that  

S∇(𝑥) = {

S0(𝑥)   when   𝑥0 ≤ 𝑥 ≤ 𝑥1 ,      

Sk(𝑥)  when    𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1,   

Sn−1(𝑥)  when   𝑥𝑛−1 ≤ 𝑥 ≤ 𝑥𝑛 .

 𝑘 = 0,1, … , 𝑛 − 2, 

Then because of the circumstances (1–5). We can write 

𝑠0(𝑥) = 𝑦0 + (𝑥 − 𝑥0)𝑦0
′ +

(𝑥−𝑥0)
2

2!
𝑦0
′′ + (𝑥 − 𝑥0)

3 𝑎0,3 +
(𝑥−𝑥0)

4

4!
𝑦0
(4)
+ (𝑥 − 𝑥0) 

5𝑎0,5      

                   +(𝑥 − 𝑥0) 
6𝑎0,6 ,                                                                                                                           (6) 

𝑠𝑘(𝑥) = 𝑦𝑘 + (𝑥 − 𝑥𝑘)𝑎𝑘,1 +
(𝑥−𝑥𝑘)

2

2
𝑦𝑘
′′ + (𝑥 − 𝑥𝑘)

3 𝑎𝑘,3 +
(𝑥−𝑥𝑘)

4

4!
𝑦𝑘
(4)
+ (𝑥 − 𝑥𝑘)

5𝑎𝑘,5                                                     

                    +(𝑥 − 𝑥𝑘)
6𝑎𝑘,6 ,                                                                                                                           (7)                                                                                                           
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 𝑠𝑛−1(𝑥) = 𝑦𝑛−1 + (𝑥 − 𝑥𝑛−1)𝑎𝑛−1,1 +
(𝑥−𝑥𝑛−1)

2

2
𝑦𝑛−1
′′ + (𝑥 − 𝑥𝑛−1)

3 𝑎𝑛−1,3 +
(𝑥−𝑥𝑛−1)

4

4!
𝑦𝑛−1
(4)

  

                            +(𝑥 − 𝑥𝑛−1)
5𝑎𝑛−1,5 + (𝑥 − 𝑥𝑛−1)

6𝑎𝑛−1,6 ,                                                       (8) 

To get the coefficients in 𝑠0(𝑥), using (3) and (4) with 𝑟 = 𝑘 = 0. We arrive at the linear system of 

equations that follows: 

𝑎0,3 + ℎ
2 𝑎0,5 + ℎ

3𝑎0,6 = ℎ
−3 [𝑦1 − 𝑦0 − ℎ𝑦0

′ −
ℎ2

2
𝑦0
′′ −

ℎ4

24
𝑦0
(4)
],                           

6 𝑎0,3 + 20ℎ
2𝑎0,5 + 30ℎ

3𝑎0,6 = ℎ
−1 [𝑦1

′′ − 𝑦0
′′ −

ℎ2

2
𝑦0
(4)
],                                      

𝑎0,5 + 3ℎ𝑎0,6 =
ℎ−1

120
[𝑦1
(4)
− 𝑦0

(4)
].                                                                            

After resolving these equations, we obtain: 

𝑎0,3  = ℎ
−3 [

5

3
(𝑦1 − 𝑦0) −

5

3
ℎ𝑦0

′ − ℎ2 (
1

9
𝑦1
′′ +

13

18
𝑦0
′′) +

ℎ4

120
(
5

9
𝑦1
(4)
−
20

9
𝑦0
(4))],                          (9) 

𝑎0,5 = ℎ
−5 [(𝑦0 − 𝑦1) + ℎ𝑦0

′ + ℎ2 (
1

6
𝑦1
′′ +

1

3
𝑦0
′′) −

ℎ4

120
(
4

3
𝑦1
(4)
+
11

3
𝑦0
(4))],                                (10) 

𝑎0,6 = ℎ
−6[

1

3
(𝑦1 − 𝑦0) −

1

3
ℎ𝑦0

′ − ℎ2 (
1

18
𝑦1
′′ +

1

9
𝑦0
′′) +

ℎ4

120
(
7

9
𝑦1
(4) +

8

9
𝑦0
(4))].                            (11) 

To get the coefficients in 𝑠k(𝑥), 𝑘 = 0,1, … , 𝑛 − 2  , using (1). we arrive at the linear system of 

equations that follows: 

𝑎𝑘,1 + ℎ
2 𝑎𝑘,3 + ℎ

4𝑎𝑘,5 + ℎ
5𝑎𝑘,6 = ℎ

−1 [𝑦𝑘+1 − 𝑦𝑘 −
ℎ2

2
𝑦𝑘
′′ −

ℎ4

4!
𝑦𝑘
(4)],  

6𝑎𝑘,3 + 20ℎ
2𝑎𝑘,5 + 30ℎ

3𝑎𝑘,6 = ℎ
−1 [𝑦𝑘+1

′′ − 𝑦𝑘
′′ −

ℎ2

2!
𝑦𝑘
(4)],  

𝑎𝑘,5 + 3ℎ𝑎𝑘,6 =
ℎ−1

120
[𝑦𝑘+1
(4) − 𝑦𝑘

(4)].  

After resolving these equations, we obtain: 

𝑎𝑘,1 + 2𝑎𝑘+1,1 = ℎ
−1 [2(𝑦𝑘+1 − 𝑦𝑘) +

ℎ2

6
(𝑦𝑘+1

′′ − 𝑦𝑘
′′) −

ℎ4

360
(25 𝑦𝑘+1

(4) + 65𝑦𝑘
(4))],                 (12)    

𝑎𝑘,3 =
5

3
ℎ−2𝑎𝑘+1,1 − ℎ

−3 [
5

3
(𝑦𝑘+1 − 𝑦𝑘) + ℎ

2 (
7

18
𝑦𝑘+1
′′ +

8

18
𝑦𝑘
′′) −

ℎ4

120
(
130

9
𝑦𝑘+1
(4) +

305

9
𝑦𝑘
(4))](13)  

𝑎𝑘,5 = ℎ
−5 [(𝑦𝑘+1 − 𝑦𝑘) +

ℎ2

3
(𝑦𝑘+1

′′ +
1

2
𝑦𝑘
′′) −

ℎ4

360
(29𝑦𝑘+1

(4) + 76𝑦𝑘
(4))] − ℎ−4𝑎𝑘+1,1 ,             (14) 

𝑎𝑘,6 =
ℎ−5

3
𝑎𝑘+1,1 −

ℎ−6

9
[3(𝑦𝑘+1 − 𝑦𝑘) + ℎ

2 (𝑦𝑘+1
′′ +

1

2
𝑦𝑘
′′) −

ℎ4

120
(32𝑦𝑘+1

(4) + 73𝑦𝑘
(4))].            (15)    

Lastly, applying (2) and (5) to the coefficients of 𝑠𝑛−1(𝑥) yields the following: 

𝑎𝑛−1,1 + ℎ
2 𝑎𝑛−1,3 + ℎ

4𝑎𝑛−1,5 + ℎ
5𝑎𝑛−1,6 = ℎ

−1[𝑦𝑛 − 𝑦𝑛−1 −
ℎ2

2
𝑦𝑛−1
′′ −

ℎ4

4!
𝑦𝑛−1
(4) ], 

6 𝑎𝑛−1,3 + 20ℎ
2𝑎𝑛−1,5 + 30ℎ

3𝑎𝑛−1,6 = ℎ
−1[𝑦𝑛

′′ − 𝑦𝑛−1
′′ −

ℎ2

2!
𝑦𝑛−1
(4)
], 

𝑎𝑛−1,5 =
ℎ−1

120
[𝑦𝑛
(4)
− 𝑦𝑛−1

(4) ] − 3ℎ𝑎𝑛−1,6 .  

Upon solving these equations, we arrive at: 
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𝑎𝑛−1,1 =
ℎ−1

3
[6(𝑦𝑛 − 𝑦𝑛−1) − 3ℎ𝑦𝑛

′ +
ℎ2

6
(3𝑦𝑛

′′ − 3𝑦𝑛−1
′′ ) −

ℎ4

360
(3𝑦𝑛

(4) − 3𝑦𝑛−1
(4) )], 

𝑎𝑛−1,3 =
ℎ−3

6
[10(𝑦𝑛−1 − 𝑦𝑛) + 10ℎ𝑦𝑛

′ −
ℎ2

6
(14𝑦𝑛

′′ + 16𝑦𝑛−1
′′ ) +

ℎ4

360
(20 𝑦𝑛

(4) − 50𝑦𝑛−1
(4) )], 

𝑎𝑛−1,5 = ℎ
−5 [(𝑦𝑛 − 𝑦𝑛−1) − ℎ𝑦𝑛

′ +
ℎ2

6
(2𝑦𝑛

′′ + 𝑦𝑛−1
′′ ) −

ℎ4

360
(5 𝑦𝑛

(4)
+ 10𝑦𝑛−1

(4) )], 

𝑎𝑛−1,6 =
ℎ−6

3
[(𝑦𝑛−1 − 𝑦𝑛) + ℎ𝑦𝑛

′ −
ℎ2

6
(2𝑦𝑛

′′ + 𝑦𝑛−1
′′ ) +

ℎ4

360
(8 𝑦𝑛

(4)
+ 7𝑦𝑛−1

(4) )]. 

 

    Because the system of equations' coefficient matrix is a non-singular matrix, we can observe that 

each of the coefficients as mentioned above has a unique determination. Thus, Theorem 1 has a 

complete proof. 

Error bounds: 

An approximation derived from the previous theorem is shown here. The latter provides the method's 

error-bound result, which is required for proving convergence in the following section. We start with 

an initial result that can be easily verified through direct computation: 

Lemma 1: let  𝑓 ∈ 𝐶6[0,1], 𝑒𝑘,1 = 2(𝑎𝑘,1 − 𝑦𝑘
′ )   and  𝑒𝑘+1,1 = 2(𝑎𝑘+1,1 − 𝑦𝑘+1

′ )  

Then: |𝑒𝑘+1,1| ≤
7(𝑘+1)

360
ℎ5𝑤6(𝑓; ℎ) → |𝑒𝑘,1| ≤

7𝑘

360
ℎ5𝑤6(𝑓; ℎ)  , 𝑘 = 0,1, … , 𝑛 − 1 . 

Proof:  

Since 𝑒𝑘,1 = 2𝑎𝑘,1 − 2𝑦𝑘
′   and 𝑒𝑘+1,1 = 2𝑎𝑘+1,1 − 2𝑦𝑘+1

′ , 

for 𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1 𝑘 = 1,2, … , 𝑛 − 2 , we have from (12) 

𝑎𝑘,1 + 𝑎𝑘+1,1 = ℎ
−1[2(𝑦𝑘+1 − 𝑦𝑘) +

ℎ2

6
(𝑦𝑘+1

′′ − 𝑦𝑘
′′) +

ℎ4

360
(𝑦𝑘

(4) − 𝑦𝑘+1
(4) )], 

1

2
(2𝑎𝑘,1 − 2𝑦𝑘

′ + 2𝑦𝑘
′ ) +

1

2
(2𝑎𝑘+1,1 − 2𝑦𝑘+1

′ + 2𝑦𝑘+1
′ ), 

1

2
(𝑒𝑘,1 + 2𝑦𝑘

′ ) +
1

2
(𝑒𝑘+1,1 + 2𝑦𝑘+1

′ ) = ℎ−1[2(𝑦𝑘+1 − 𝑦𝑘) +
ℎ2

6
(𝑦𝑘+1

′′ − 𝑦𝑘
′′) +

ℎ4

360
(𝑦𝑘

(4) − 𝑦𝑘+1
(4) )]                                                                        

𝑒𝑘,1+𝑒𝑘+1,1

2
= ℎ−1[2(𝑦𝑘+1 − 𝑦𝑘) − ℎ(𝑦𝑘+1

′ + 𝑦𝑖
′) +

ℎ2

6
(𝑦𝑘+1

′′ − 𝑦𝑘
′′) +

ℎ4

360
(𝑦𝑘

(4) − 𝑦𝑘+1
(4) )]. 

by using Taylor series expansion for 𝑓(𝑥) ∈ 𝑐6[0,1], about  𝑥𝑘 , we have  

|𝑒𝑘+1,1| ≤
7(𝑘+1)

360
ℎ5𝑤6(𝑓; ℎ) → |𝑒𝑘,1| ≤

7𝑘

360
ℎ5𝑤6(𝑓; ℎ) , 𝑘 = 0,1, … , 𝑛 − 1  

Theorem 2: Let  𝑓 ∈ 𝐶6[0,1]   and S∇(𝑥) ∈ 𝑆𝑝(6,3, 𝑛)  be a unique spline function satisfying the 

condition of Theorem 1. Then 

‖𝑠∇
(𝑙)(𝑥) − 𝑓(𝑙)(𝑥)‖ ≤ 𝐾ℎ6−𝑙  𝑤6(𝑓; ℎ), 𝑙 = 0 , 1, 2, 3, 4, 5, 6  and 𝑤6(𝑓; ℎ)  denotes the modulus of 

continuity of 𝑓(6). 

 Where  
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𝐾 =

{
 
 

 
 

2407

720
           , when  𝑥0 ≤ 𝑥 ≤ 𝑥1

(1701𝑘+4013)

720
 , when  𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1 

1933

360
              , when  𝑥𝑛−1 ≤ 𝑥 ≤ 𝑥𝑛

     , 𝑘 = 1,2, … , 𝑛 − 2     for   𝑙 = 0 , 1 

 

𝐾 =

{
 
 

 
 

11

3
             , when  𝑥0 ≤ 𝑥 ≤ 𝑥1

(63𝑘+149)

24
    , when  𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1

71

12
                , when  𝑥𝑛−1 ≤ 𝑥 ≤ 𝑥𝑛

        , 𝑘 = 1,2, … , 𝑛 − 2     for     𝑙 = 2 , 3 

 

𝐾 =

{
 
 

 
 

9

2
           , when  𝑥0 ≤ 𝑥 ≤ 𝑥1

(21𝑘+38)

6
    , when  𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1

15

2
             , when  𝑥𝑛−1 ≤ 𝑥 ≤ 𝑥𝑛

    , 𝑘 = 1,2, … , 𝑛 − 2   for   𝑙 = 4 , 5 

 

   𝐾 =

{
 
 

 
 

8

3
          , when  𝑥0 ≤ 𝑥 ≤ 𝑥1

7(𝑘+3)

3
      , when  𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1

14

3
            , when  𝑥𝑛−1 ≤ 𝑥 ≤ 𝑥𝑛

  , 𝑘 = 1,2, … , 𝑛 − 2     for   𝑙 = 6 

 

Proof: for 𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1 𝑘 = 1,2, … , 𝑛 − 2, we have from (7) 

|𝑠𝑘
(6)(𝑥) − 𝑓(6)(𝑥)| = |720 𝑎𝑘,6 − 𝑓

(6)(𝑥)| 

by using the Taylor series expansion for 𝑓(𝑥) ∈ 𝑐6[0,1], about  𝑥𝑘 , we have: 

𝑦(𝑥) = 𝑦𝑘 + (𝑥 − 𝑥𝑘)𝑦𝑘
′ +

(𝑥−𝑥𝑘)
2

2
𝑦𝑘
′′ +

(𝑥−𝑥𝑘)
3

6
𝑦𝑘
(3) +

(𝑥−𝑥𝑘)
4

24
𝑦𝑘
(4) +

(𝑥−𝑥𝑘)
5

120
𝑦𝑘
(5)

  

                    +
(𝑥−𝑥𝑘)

6

720
𝑦(6)(𝜉𝑘) , 𝑥𝑘 < 𝜉𝑘 < 𝑥 ,                                                                             (16) 

𝑦′(𝑥) = 𝑦𝑘
′ + (𝑥 − 𝑥𝑘)𝑦𝑘

′′ +
(𝑥−𝑥𝑘)

2

2
𝑦𝑘
(3) +

(𝑥−𝑥𝑘)
3

6
𝑦𝑘
(4) +

(𝑥−𝑥𝑘)
4

24
𝑦𝑘
(5)

  

                  +
(𝑥−𝑥𝑘)

5

120
𝑦(6)(𝜉𝑘) , 𝑥𝑘 < 𝜉𝑘 < 𝑥 ,                                                                               (17) 

𝑦′′(𝑥) = 𝑦𝑘
′′ + (𝑥 − 𝑥𝑘)𝑦𝑘

(3) +
(𝑥−𝑥𝑘)

2

2
𝑦𝑘
(4) +

(𝑥−𝑥𝑘)
3

6
𝑦𝑘
(5) +

(𝑥−𝑥𝑘)
4

24
𝑦(6)(𝜉𝑘) , 

                                                  𝑥𝑘 < 𝜉𝑘 < 𝑥 ,                                                                               (18) 

𝑦(3)(𝑥) = 𝑦𝑘
(3) + (𝑥 − 𝑥𝑘)𝑦𝑘

(4) +
(𝑥−𝑥𝑘)

2

2
𝑦𝑘
(5) +

(𝑥−𝑥𝑘)
3

6
𝑦(6)(𝜉𝑘) , 𝑥𝑘 < 𝜉𝑘 < 𝑥                        (19)                                                  

𝑦(4)(𝑥) = 𝑦𝑘
(4) + (𝑥 − 𝑥𝑘)𝑦𝑘

(5) +
(𝑥−𝑥𝑘)

2

2
𝑦(6)(𝜉𝑘) , 𝑥𝑘 < 𝜉𝑘 < 𝑥 ,                                              (20) 

𝑦(5)(𝑥) = 𝑦𝑘
(5) + (𝑥 − 𝑥𝑘)𝑦

(6)(𝜉𝑘) , 𝑥𝑘 < 𝜉𝑘 < 𝑥 ,                                                                     (21) 
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𝑦(6)(𝑥) = 𝑦(6)(𝜉𝑘) , 𝑥𝑘 < 𝜉𝑘 < 𝑥 .                                                                                               (22) 

Putting 𝑥 = 𝑥𝑘 in (22), using Lemma 1 and (15), we obtain: 

|𝑠𝑘
(6)(𝑥) − 𝑓(6)(𝑥)| = |720 𝑎𝑘,6 − 𝑓

(6)(𝑥)| ≤
7(𝑘+3)

3
 𝑤6(𝑓, ℎ)                                                           (23) 

also since 𝑠𝑘
(5)(𝑥) = 120 𝑎𝑘,5 + 720 ℎ 𝑎𝑘,6 , Putting 𝑥 = 𝑥𝑘 in (21), using  

Lemma 1, (23), and (14) we get:  

𝑠𝑘
(5)(𝑥) − 𝑓(5)(𝑥) = 120 𝑎𝑘,5 − 𝑓

(5)(𝑥) + (720 𝑎𝑘,6 − 𝑓
(6)(𝑥)) . ℎ + ℎ𝑓(6)(𝑥) 

|𝑠𝑘
(5)(𝑥) − 𝑓(5)(𝑥)| ≤ ℎ |𝑠𝑘

(6)(𝑥) − 𝑓(6)(𝑥)| + 60 ℎ−4|𝑒𝑘+1,1| +
17

6
ℎ 𝑤6(𝑓; ℎ) 

|𝑠𝑘
(5)(𝑥) − 𝑓(5)(𝑥)| ≤

(21𝑘+38)

6
ℎ 𝑤6(𝑓; ℎ)                                                                                    (24) 

Since 𝑠𝑘
(4)(𝑥) − 𝑓(4)(𝑥) = ∫ (𝑠𝑘

(5)(𝑡) − 𝑓(5)(𝑡))
𝑥

𝑥𝑖
𝑑𝑡 + 𝑠𝑘

(4)(𝑥𝑖) − 𝑓
(4)(𝑥𝑖) 

𝑠𝑘
(4)(𝑥) − 𝑓(4)(𝑥) = ∫ (𝑠𝑘

(5)(𝑡) − 𝑓(5)(𝑡))
𝑥

𝑥𝑖
𝑑𝑡  by (1)  𝑠𝑘

(4)(𝑥𝑖) − 𝑓
(4)(𝑥𝑖) = 0   

and from (24) we obtain: 

    |𝑠𝑘
(4)(𝑥) − 𝑓(4)(𝑥)| ≤

(21𝑘+38)

6
ℎ2 𝑤6(𝑓; ℎ)     

since  𝑠𝑘
(3)(𝑥) = 6 𝑎𝑘,3 + ℎ 𝑦𝑘

(4)
+ 60 ℎ2𝑎𝑘,5 + 120 ℎ

3 𝑎𝑘,6   

𝑠𝑘
(3)(𝑥) − 𝑓(3)(𝑥) =

ℎ2

2
(𝑠𝑘

(5)(𝑥) − 𝑓(5)(𝑥)) −
ℎ3

3
(𝑠𝑘

(6)(𝑥) − 𝑓(6)(𝑥)) 

                                    +6 𝑎𝑘,3 +
ℎ2

2
𝑓(5)(𝑥) −

ℎ3

3
𝑓(6)(𝑥) − ℎ3𝑓(3)(𝑥) . 

Putting 𝑥 = 𝑥𝑘 in (19), using Lemma 1, (13), and (23)-(24), we have that:   

 

     |𝑠𝑘
(3)(𝑥) − 𝑓(3)(𝑥)| ≤

(63𝑘+149)

24
ℎ3 𝑤6(𝑓; ℎ)                                                                            (25) 

𝑠′𝑘
′ (𝑥) − 𝑓′′(𝑥) = ∫ (𝑠𝑘

(3)(𝑡) − 𝑓(3)(𝑡)) 𝑑𝑡
𝑥

𝑥𝑖
+ 𝑠𝑘

′′(𝑥𝑖) − 𝑓
′′(𝑥𝑖)  

by (1)  𝑠𝑘
′′(𝑥𝑖) − 𝑓

′′(𝑥𝑖) = 0  and from (25) we get: 

|𝑠𝑘
′′(𝑥) − 𝑓′′(𝑥)| ≤

(63𝑘+149)

24
ℎ4 𝑤6(𝑓; ℎ) . 

Since  𝑠𝑘
′ (𝑥) = 𝑎𝑘,1 + ℎ𝑦𝑘

′′ + 3ℎ2 𝑎𝑘,3 +
ℎ3

6
𝑦𝑘
(4) + 5ℎ4𝑎𝑘,5 + 6ℎ

5𝑎𝑘,6 

𝑠𝑘
′ (𝑥𝑖) − 𝑓

′(𝑥) =
ℎ2

2
[𝑠𝑘
(3)(𝑥) − 𝑓(3)(𝑥)] −

5

24
ℎ4 [𝑠𝑘

(5)(𝑥) − 𝑓(5)(𝑥)] 

                                   +
2

15
ℎ5 [𝑠𝑘

(6)(𝑥) − 𝑓(6)(𝑥)]+𝑎𝑘,1 + ℎ𝑦𝑘
′′ +

ℎ3

3!
𝑦𝑘
(4)

 

                             +
ℎ2

2
𝑓(3)(𝑥) −

5

24
ℎ4𝑓(5)(𝑥) +

2

15
ℎ5𝑓(6)(𝑥) −

ℎ3

2
 𝑦𝑘
(4)
− 𝑓′(𝑥) . 

Putting 𝑥 = 𝑥𝑘 in (17), by using (12), lemma 1, (23)-(25), we obtain: 
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|𝑠𝑘
′ (𝑥) − 𝑓′(𝑥)| ≤

(1701𝑘+4013)

720
ℎ5𝑤6(𝑓; ℎ)                                                                                  (26) 

𝑠𝑘(𝑥) − 𝑓(𝑥) = ∫ (𝑠𝑘
′ (𝑡) − 𝑓′(𝑡))𝑑𝑡

𝑥

𝑥𝑖
+ 𝑠𝑘(𝑥𝑖) − 𝑓(𝑥𝑖)  

by (1) since 𝑠𝑘(𝑥𝑖) − 𝑓(𝑥𝑖) = 0 and using (26), we have that: 

|𝑠𝑘(𝑥) − 𝑓(𝑥)| ≤ ∫ (𝑠𝑘
′ (𝑡) − 𝑓′(𝑡))𝑑𝑡

𝑥

𝑥𝑖
≤

(1701𝑘+4013)

720
ℎ6𝑤6(𝑓; ℎ)  

|𝑠𝑘(𝑥) − 𝑓(𝑥)| ≤
(1701𝑘 + 4013)

720
ℎ6𝑤6(𝑓; ℎ) 

This proves Theorem 2 for 𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1 , 𝑘 = 1,2, … , 𝑛 − 2    

for 𝑥0 ≤ 𝑥 ≤ 𝑥1 we have  

from (6) 𝑠0
(6)(𝑥) − 𝑓(6)(𝑥) = 720 𝑎0,6 − 𝑓

(6)(𝑥), by using (11), we get: 

|𝑠0
(6)(𝑥) − 𝑓(6)(𝑥)| ≤

8

3
 𝑤6(𝑓; ℎ) .                                                                                                (27) 

Since 𝑠0
(5)(𝑥) = 120 𝑎0,5 + 720 ℎ 𝑎0,6 

→ 𝑠0
(5)(𝑥) − 𝑓(5)(𝑥) = 120 𝑎0,5 + 720 ℎ 𝑎0,6 − 𝑓

(5)(𝑥) 

By using (27) and (10), we obtain  

|𝑠0
(5)(𝑥) − 𝑓(5)(𝑥)| ≤  

9

2
ℎ 𝑤6(𝑓; ℎ)                                                                                               (28) 

𝑠0
(4)(𝑥) − 𝑓(4)(𝑥) = ∫(𝑠0

(5)(𝑡) − 𝑓(5)(𝑡))

𝑥

𝑥𝑖

𝑑𝑡 + 𝑠0
(4)(𝑥𝑖) − 𝑓

(4)(𝑥𝑖), 

𝑠0
(4)(𝑥) − 𝑓(4)(𝑥) = ∫ (𝑠0

(5)(𝑡) − 𝑓(5)(𝑡))
𝑥

𝑥𝑖
𝑑𝑡    by (1)  𝑠0

(4)(𝑥𝑖) − 𝑓
(4)(𝑥𝑖) = 0 

using (28) we have:  |𝑠0
(4)(𝑥) − 𝑓(4)(𝑥)| ≤

9

2
ℎ2 𝑤6(𝑓; ℎ)                                                            (29) 

since  𝑠0
(3)(𝑥) = 6 𝑎0,3 + ℎ 𝑦0

(4)
+ 60 ℎ2𝑎0,5 + 120 ℎ

3 𝑎0,6 

𝑠0
(3)(𝑥) − 𝑓(3)(𝑥) = 6 𝑎0,3 + ℎ 𝑦0

(4)
+ 60 ℎ2𝑎0,5 + 120 ℎ

3 𝑎0,6 − 𝑓
(3)(𝑥) 

𝑠0
(3)(𝑥) − 𝑓(3)(𝑥) = 6 𝑎0,3 + ℎ 𝑦0

(4)
+
ℎ2

2
[𝑠0
(5)(𝑥) − 𝑓(5)(𝑥)] −

ℎ3

3
[𝑠0
(6)(𝑥) − 𝑓(6)(𝑥)] 

                            −𝑓(3)(𝑥) +
ℎ2

2
𝑓(5)(𝑥) −

ℎ3

3
𝑓(6)(𝑥) . 

using (9), (27)-(28), we get: 

|𝑠0
(3)(𝑥) − 𝑓(3)(𝑥)| ≤

11

3
ℎ3𝑤6(𝑓; ℎ)                                                                                             (30) 

Since 𝑠′0
′ (𝑥) − 𝑓′′(𝑥) = ∫ (𝑠0

(3)(𝑡) − 𝑓(3)(𝑡)) 𝑑𝑡
𝑥

𝑥𝑖
+ 𝑠0

′′(𝑥𝑖) − 𝑓
′′(𝑥𝑖) . 

Since by (1) 𝑠0
′′(𝑥𝑖) − 𝑓

′′(𝑥𝑖) = 0, using (30), we obtain: 

|𝑠0
′′(𝑥) − 𝑓′′(𝑥)| ≤

11

3
ℎ4𝑤6(𝑓; ℎ)                                                                                                 (31) 
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also   𝑠0
′ (𝑥) = 𝑦0

′ + ℎ𝑦0
′′ + 3ℎ2 𝑎0,3 +

ℎ3

6
𝑦0
(4)
+ 5ℎ4𝑎0,5 + 6ℎ

5𝑎0,6  

𝑠0
′ (𝑥) − 𝑓′(𝑥) = 𝑦0

′ + ℎ𝑦0
′′ + 3ℎ2 𝑎0,3 +

ℎ3

6
𝑦0
(4)
+ 5ℎ4𝑎0,5 + 6ℎ

5𝑎0,6 − 𝑓′(𝑥)  

𝑠0
′ (𝑥) − 𝑓′(𝑥) = 𝑦0

′ + ℎ𝑦0
′′ +

ℎ3

6
𝑦0
(4) +

ℎ2

2
[𝑠0
(3)(𝑥) − 𝑓(3)(𝑥)] +

ℎ2

2
𝑓(3)(𝑥) − 𝑓′(𝑥)  

                          −
ℎ3

2
𝑦0
(4)
−

5

24
ℎ4 [𝑠0

(5)(𝑥) − 𝑓(5)(𝑥)] +
2

15
ℎ5 [𝑠0

(6)(𝑥) − 𝑓(6)(𝑥)] 

𝑠0
′ (𝑥) − 𝑓′(𝑥) =

ℎ2

2
[𝑠0
(3)(𝑥) − 𝑓(3)(𝑥)] −

5

24
ℎ4 [𝑠0

(5)(𝑥) − 𝑓(5)(𝑥)]  

                           +
2

15
ℎ5 [𝑠0

(6)(𝑥) − 𝑓(6)(𝑥)] + ℎ−1[ℎ𝑦0
′ + ℎ2𝑦0

′′ +
ℎ4

6
𝑦0
(4)
+
ℎ3

2
𝑓(3)(𝑥) 

                         −
ℎ4

2
𝑦0
(4)
−

5

24
ℎ5𝑓(5)(𝑥) +

2

15
ℎ6𝑓(6)(𝑥) − ℎ𝑓′(𝑥)]. 

Using (30), (27) - (28), we get: 

|𝑠0
′ (𝑥) − 𝑓′(𝑥)| ≤

2407

720
ℎ5𝑤6(𝑓; ℎ)                                                                                              (32) 

since   𝑠0(𝑥) − 𝑓(𝑥) = ∫ (𝑠0
′ (𝑡) − 𝑓′(𝑡))

𝑥

𝑥𝑖
𝑑𝑡 + 𝑠0(𝑥𝑖) − 𝑓(𝑥𝑖) 

𝑠0(𝑥) − 𝑓(𝑥) = ∫ (𝑠0
′ (𝑡) − 𝑓′(𝑡))

𝑥

𝑥𝑖
𝑑𝑡 by (1), we have that  𝑠0(𝑥𝑖) − 𝑓(𝑥𝑖) = 0  

 using (32) we obtain: |𝑠0(𝑥) − 𝑓(𝑥)| ≤
2407

720
ℎ6 𝑤6(𝑓; ℎ)   

for 𝑥𝑛−1 ≤ 𝑥 ≤ 𝑥𝑛, we have 

𝑠𝑛−1
(6) (𝑥) − 𝑓(6)(𝑥) = 720 𝑎𝑛−1,6 − 𝑓

(6)(𝑥) = 240ℎ−6 [(𝑦𝑛−1 − 𝑦𝑛) + ℎ𝑦𝑛
′  

                                          −
ℎ2

6
(2𝑦𝑛

′′ + 𝑦𝑛−1
′′ ) +

ℎ4

360
(8𝑦𝑛

(4)
+ 7𝑦𝑛−1

(4) )] − 𝑓(6)(𝑥) . 

Using (16)-(20) for 𝑘 = 𝑛 − 1 and 𝑥 = 𝑥𝑛, we get: 

|𝑠𝑛−1
(6) (𝑥) − 𝑓(6)(𝑥)| ≤

14

3
 𝑤6(𝑓; ℎ) .                                                                                             (33) 

Since 𝑠𝑛−1
(5) (𝑥) = 120 𝑎𝑛−1,5 + 720 ℎ 𝑎𝑛−1,6 

𝑠𝑛−1
(5) (𝑥) − 𝑓(5)(𝑥) = 120 𝑎𝑛−1,5 − 𝑓

(5)(𝑥) + 720 ℎ 𝑎𝑛−1,6 

𝑠𝑛−1
(5) (𝑥) − 𝑓(5)(𝑥) = 120 𝑎𝑛−1,5 − 𝑓

(5)(𝑥) + ℎ (720  𝑎𝑛−1,6 − 𝑓
(6)(𝑥)) + ℎ𝑓(6)(𝑥),                                  

using (33) and (16)-(20) for 𝑘 = 𝑛 − 1 and 𝑥 = 𝑥𝑛, we get: 

|𝑠𝑛−1
(5) (𝑥) − 𝑓(5)(𝑥)| ≤

15

2
ℎ 𝑤6(𝑓; ℎ)                                                                                             (34) 

𝑠𝑛−1
(4) (𝑥) − 𝑓(4)(𝑥) = ∫ (𝑠𝑛−1

(5) (𝑡) − 𝑓(5)(𝑡))

𝑥

𝑥𝑖

𝑑𝑡 + 𝑠𝑛−1
(4) (𝑥𝑖) − 𝑓

(4)(𝑥𝑖) 

𝑠𝑛−1
(4) (𝑥) − 𝑓(4)(𝑥) = ∫ (𝑠𝑛−1

(5) (𝑡) − 𝑓(5)(𝑡))
𝑥

𝑥𝑖
𝑑𝑡 . 

Since from (2)  𝑠𝑛−1
(4) (𝑥𝑖) − 𝑓

(4)(𝑥𝑖) = 0 and by using (34), we obtain: 
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|𝑠𝑛−1
(4) (𝑥) − 𝑓(4)(𝑥)| ≤

15

2
ℎ2 𝑤6(𝑓; ℎ)      

𝑠𝑛−1
(3) (𝑥) = 6 𝑎𝑛−1,3 + ℎ 𝑦𝑛−1

(4)
+ 60 ℎ2𝑎𝑛−1,5 + 120 ℎ

3 𝑎𝑛−1,6 

𝑠𝑛−1
(3) (𝑥) − 𝑓(3)(𝑥) = 6 𝑎𝑛−1,3 + ℎ 𝑦𝑛−1

(4)
+ 60 ℎ2𝑎𝑛−1,5 + 120 ℎ

3 𝑎𝑛−1,6 − 𝑓
(3)(𝑥) 

𝑠𝑛−1
(3) (𝑥) − 𝑓(3)(𝑥) = ℎ−3[10(𝑦𝑛−1 − 𝑦𝑛) + 10ℎ𝑦𝑛

′ −
1

3
ℎ2(7𝑦𝑛

′′ + 8𝑦𝑛−1
′′ ) 

                                      +
ℎ4

360
(20𝑦𝑛

(4)
− 50𝑦𝑛−1

(4) ) +
ℎ5

2
𝑓(5)(𝑥) −

 ℎ6

3
𝑓(6)(𝑥)] − 𝑓(3)(𝑥) 

                                     +
ℎ2

2
(𝑠𝑛−1

(5) (𝑥) − 𝑓(5)(𝑥)) −
 ℎ3

3
(𝑠𝑛−1

(6) (𝑥) − 𝑓(6)(𝑥)) + ℎ 𝑦𝑛−1
(4)

     

using (33)-(34) and (16)-(22) for 𝑘 = 𝑛 − 1 and 𝑥 = 𝑥𝑛, we get: 

|𝑠𝑛−1
(3) (𝑥) − 𝑓(3)(𝑥)| ≤

71

12
ℎ3𝑤6(𝑓; ℎ)                                                                                            (35) 

𝑠′𝑛−1
′ (𝑥) − 𝑓′′(𝑥) = ∫ (𝑠𝑛−1

(3) (𝑡) − 𝑓(3)(𝑡)) 𝑑𝑡
𝑥

𝑥𝑖
+ 𝑠𝑛−1

′′ (𝑥𝑖) − 𝑓
′′(𝑥𝑖) . 

Since from (2) 𝑠𝑛−1
′′ (𝑥𝑖) − 𝑓

′′(𝑥𝑖) = 0 and by using (35) 

|𝑠𝑛−1
′′ (𝑥) − 𝑓′′(𝑥)| ≤

71

12
ℎ4𝑤6(𝑓; ℎ)    

𝑠𝑛−1
′ (𝑥𝑛) = 𝑎𝑛−1,1 + ℎ𝑦𝑛−1

′′ + 3ℎ2 𝑎𝑛−1,3 + 5ℎ
4𝑎𝑛−1,5 +

ℎ3

3!
𝑦𝑛−1
(4)

+ 6ℎ5𝑎𝑛−1,6 

𝑠𝑛−1
′ (𝑥𝑛) − 𝑓

′(𝑥) =
ℎ2

2
[𝑠𝑛−1
(3) (𝑥) − 𝑓(3)(𝑥)] −

5

24
ℎ4 [𝑠𝑛−1

(5) (𝑥) − 𝑓(5)(𝑥)] 

                                   +𝑎𝑛−1,1 + ℎ𝑦𝑛−1
′′ +

2

15
ℎ5 [𝑠𝑛−1

(6) (𝑥) − 𝑓(6)(𝑥)] +
ℎ3

3!
𝑦𝑛−1
(4)

 

                              +
ℎ2

2
𝑓(3)(𝑥) −

5

24
ℎ4𝑓(5)(𝑥) +

2

15
ℎ5𝑓(6)(𝑥) −

ℎ3

2
 𝑦𝑛−1
(4)

− 𝑓′(𝑥) 

𝑠𝑛−1
′ (𝑥𝑛) − 𝑓

′(𝑥) =
ℎ2

2
[𝑠𝑛−1
(3) (𝑥) − 𝑓(3)(𝑥)] −

5

24
ℎ4 [𝑠𝑛−1

(5) (𝑥) − 𝑓(5)(𝑥)] 

                                   +
2

15
ℎ5 [𝑠𝑛−1

(6) (𝑥) − 𝑓(6)(𝑥)] + ℎ−1[2(𝑦𝑛 − 𝑦𝑛−1) − ℎ𝑦𝑛
′  

                                   +
ℎ2

6
(𝑦𝑛

′′ − 𝑦𝑛−1
′′ ) −

ℎ4

360
(𝑦𝑛

(4)
− 𝑦𝑛−1

(4) ) + ℎ2𝑦𝑛−1
′′ −

2ℎ4

3!
𝑦𝑛−1
(4)

 

                                   +
ℎ3

2
𝑓(3)(𝑥) −

5

24
ℎ5𝑓(5)(𝑥) +

2

15
ℎ6𝑓(6)(𝑥) − ℎ𝑓′(𝑥)] 

using (33)-(35) and (16)-(22) for 𝑘 = 𝑛 − 1 and 𝑥 = 𝑥𝑛, we get: 

  

|𝑠𝑛−1
′ (𝑥𝑛) − 𝑓

′(𝑥)| ≤
1933

360
ℎ5𝑤6(𝑓; ℎ)                                                                                         (36) 

𝑠𝑛−1(𝑥) − 𝑓(𝑥) = ∫ (𝑠𝑛−1
′ (𝑡) − 𝑓′(𝑡))𝑑𝑡

𝑥

𝑥𝑖
+ 𝑠𝑛−1(𝑥𝑖) − 𝑓(𝑥𝑖)  

since from (2)   𝑠𝑛−1(𝑥𝑖) − 𝑓(𝑥𝑖) = 0, using (36), we obtain: 

|𝑠𝑛−1(𝑥) − 𝑓(𝑥)| ≤ ∫ (𝑠𝑛−1
′ (𝑡) − 𝑓′(𝑡))𝑑𝑡

𝑥

𝑥𝑖
=

1933

360
ℎ6𝑤6(𝑓; ℎ)  
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|𝑠𝑛−1(𝑥) − 𝑓(𝑥)| ≤
1933

360
ℎ6𝑤6(𝑓; ℎ). 

This completes the proof of Theorem 2. 

CONCLUSION 

     In this paper, we have devised an approximation approach for calculating the error bound using 

the lacunary spline polynomial functions. The type of lacunary data does not affect the pace of 

convergence, but the end condition needs to be carefully considered. 
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