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In this work, the reproducing kernel Hilbert space method 

(RKHSM) was used to find a numerical solution to 

nonlinear integro-differential equations (NIDEs) on the 

form of finite series. The results showed that the 

approximate solution are converges to the exact solution 

of the NIDEs, which confirms the effectiveness of 

RKHSM as a reliable and practical tool for solving this 

type of e. This method is of great importance in the field 

of numerical solutions of NIDEs, which has wide 

applications in many engineering and scientific fields 
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1. Introduction 

         Integro-differential equations (IDEs) are important in describing physical, natural, and 

biological phenomena, as well as in engineering and biological technologies, in recent years, they 

have received increasing attention in many different disciplines. Such as elasticity theory, 

biomechanics, electromagnetism, industry and scientific applications, and others [1, 2, 3]. 

 

RKHSM considered one of the effective methods to solve many papers, including differential and 

integral equations which have widely used in statistics and probability. 

 

The following formula of NIDEs is given by [4]: 
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∑ 𝑏𝑘(𝑡)𝑔
(𝑘)(𝑡) = 𝑤(𝑡) + 𝜎∫ 𝑇(𝑡, 𝑧)𝐹(𝑔(𝑧))𝑑𝑧

𝑡1𝑜𝑟 𝑡

𝑡0
 

𝑞
𝑘=1 ,                              (1) 

the initial condition                   𝑔(𝑘)(𝑡0) = 𝑟𝑘   𝑘 = 1,… , 𝑞,  

where 𝑏𝑘(𝑡), 𝑤(𝑡) and  𝑇(𝑡, 𝑧) are known functions so that t∈ [𝑡0, 𝑡1], 𝑡0 , 𝑡1, 𝜎, 𝑟𝑘 , 𝑞 ∈ ℝ  , 𝐹(𝑔(𝑡)) 

is a nonlinear operator and 𝑔(𝑡) is an unknown function in 𝑊2
𝑖[ 𝑡0, 𝑡1], 𝑖 = 1,2, … . 

IDEs have wide applications in various fields, during the last decades, many numerical methods have 

been developed to solve these equations, whether linear or nonlinear. These methods include 

Adomian decomposition method by [5] collection method [6, 7, 8, 9],  Taylor polynomial [10], cubic 

B-spline least-square method combine with a quadratic weight function [11], cubic B-spline Galerkin 

method combine with a quadratic weight function[12], least-squares method [13, 14], homotopy 

perturbation method [15], the simplified reproducing kernel method and the homotopy perturbation 

method [16],  Laplace discrete Adomian decomposition method [17] , other numerical methods are 

used to solve IDEs , since these equations are difficult to solve using analytical methods. 

The RKHSM has been used to solving many problems, such as singular IEs [18, 19, 20, 21], linear   

IEs [22, 23, 24], nonlinear IEs [25, 26, 27] and all equations were solved using the Gram-Schmidt 

algorithm. However, the researchers below worked on a new approach, where they solved a nonlinear 

IEs [28], solved a class of functional IEs [29] and solved third-order differential equations [30]. 

The main purpose of this paper is to apply RKHSM for solving NIDEs. The convergence and error 

analysis will be discussed.  

It is organized into five parts, including the introduction. The second part gives the basic definitions 

of the reproducing kernel, inner product, norm, function space, and the form of the reproducing kernel. 

The third part explains how to apply the method to NIDEs, and also discusses the convergence theory. 

The fourth part gives the numerical results and explains the error magnitude, and the fifth part 

contains the conclusion. 
 

2. Reproducing Kernel Hilbert Space   

        In this part, It has been defined  the function space 𝑊2
𝑖[𝑡0, 𝑡1] where 𝑖 = 1,2, … and define the 

kernel 𝐺𝑠(𝑡) in any space in the research that relies on 𝑊2
𝑖[𝑡0, 𝑡1], [31]: 

Definition 2.1   . Let it be 𝑆 are abstract set so that 𝑆 ≠ 𝜙, a function 𝐺: 𝑆 × 𝑆 → ℂ, where ℂ be the set 

of complex numbers 𝐺 is a reproducing kernel of H if satisfied 

• ∀𝑠 ∈ S , 𝐺𝑠(𝑡) ∈ H, 

• ∀𝑠 ∈ 𝑆 , ∀𝑔 ∈ 𝐻, 𝑔(𝑠) = < 𝐺𝑠(𝑡), 𝑔(𝑡) >.                                                                           (2)         

Definition 2.2. The definition of function space  𝑊2
𝑖[𝑡0, 𝑡1], 𝑖 = 1,2, … is as follows : 

𝑊2
𝑖[𝑡0, 𝑡1] = {𝑔(𝑡): 𝑔: [𝑡0 , 𝑡1] → ℝ, 𝑔(𝑖−1)𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝑔(𝑖) ∈ 𝐿2[𝑡0 , 𝑡1]}, 

The inner product and the norm in 𝑊2
𝑖[𝑡0, 𝑡1] are defined as follows.  

               < 𝑔, 𝑓 >𝑊2𝑖[𝑡0,𝑡1]
= ∑ 𝑔(𝑘)𝑖−1

𝑘=0 (𝑡0)𝑓
(𝑘)(𝑡0) + ∫ 𝑔(𝑖)(𝑡)𝑓(𝑖)(𝑡)𝑑𝑡

𝑡1
𝑡0

,                        (3) 

                                      ‖𝑔‖ 𝑊2𝑖[𝑡0,𝑡1]
= √< 𝑔, 𝑔 >𝑊2𝑖[𝑡0,𝑡1]

                                                  (4) 

Remark 2.1. [25] If ∀ 𝑡 ∈ [𝑡0 , 𝑡1] and ∀𝑔(𝑡) ∈ 𝑊2
𝑖[𝑡0, 𝑡1] ∃  𝐺𝑠(𝑡) ∈ 𝑊2

𝑖[𝑡0, 𝑡1] such that 

< 𝐺𝑠(𝑡), 𝑔(𝑠) >𝑊2𝑖[𝑡0,𝑡1]
= 𝑔(𝑡), where 𝑠 ∈ [𝑡0 , 𝑡1] then the Hilbert space 𝑊2

𝑖[𝑡0, 𝑡1] is a reproducing 

kernel space. 

 

Define the reproducing kernel of 𝑊2
𝑖[𝑡0, 𝑡1] is 
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𝐺𝑠(𝑡) = {
𝐺1𝑠(𝑡) = ∑ 𝑎𝑘(𝑠)𝑡

𝑘−1,  𝑡 ≤ 𝑠2𝑖
𝑘=1

𝐺2𝑠(𝑡) = ∑ 𝑣𝑘(𝑠)𝑡
𝑘−1 , 𝑡 > 𝑠2𝑖

𝑘=1

                                       (5) 

 

the coefficients 𝑎𝑘(𝑠), 𝑣𝑘(𝑠), {𝑘 = 1,2, … ,2𝑖}, can be obtained by. 

𝜕𝑘𝐺1𝑠(𝑠)

𝜕𝑡𝑘
= 

𝜕𝑘𝐺2𝑠(𝑠)

𝜕𝑡𝑘
,  𝑘 = 0,1, … ,2𝑖 − 2,                                    (6) 

and                                    (−1)𝑖(
𝜕2𝑖−1𝐺1𝑠(𝑠

+)

𝜕𝑡2𝑖−1
 −

𝜕2𝑖−1𝐺2𝑠(𝑠
−)

𝜕𝑡2𝑖−1
) = 1.                                      (7) 

 

Remark 2.2. By using (6) and (7), we will calculate  𝐺𝑠(𝑡) in 𝑊2
𝑖[0,1] when 𝑖 = 1,2,3,4 

𝑖 = 4 , 

𝐺𝑠
4(𝑡) = {

− 𝑡7

5040 
+ 

(𝑡6𝑠)

720
 −  

(𝑡5𝑠2)

240
 + 

(𝑡4𝑠3)

144
+ 

(𝑡3𝑠3)

36
+ 

(𝑡2𝑠2)

4
 +  𝑡𝑠 +  1,           𝑡 ≤ 𝑠

− 𝑠7

5040 
+ 

(𝑠6𝑡)

720
 −  

(𝑠5𝑡2)

240
 + 

(𝑠4𝑡3)

144
+ 

(𝑠3𝑡3)

36
+ 

(𝑠2𝑡2)

4
 +  𝑡𝑠 +  1,         𝑡 > 𝑠

  

𝑖 = 3,  

𝐺𝑠
3(𝑡) =

{
 

  
𝑡5

120
 − 

(𝑡4𝑠)

24
+ 
(𝑡3𝑠2)

12
 + 

(𝑡2𝑠2)

4
 + 𝑠𝑡 +  1,  𝑡 ≤ 𝑠

 
𝑠5

120
 −  

(𝑠4𝑡)

24
+ 
(𝑠3𝑡2)

12
 + 

(𝑠2𝑡2)

4
 + 𝑠𝑡 +  1,         𝑡 > 𝑠

 

𝑖 = 2 , 

𝐺𝑠
2(𝑡) =

{
 

 −
𝑡3

6
+ 
(𝑡2𝑠)

2
+  𝑠𝑡 +  1,  𝑡 ≤ 𝑠

 −
𝑠3

6
+ 
(𝑠2𝑡)

2
+  𝑠𝑡 +  1,         𝑡 > 𝑠

 

𝑖 = 1, 

𝐺𝑠
1(𝑡) = {

𝑡 + 1,  𝑡 ≤ 𝑠
 𝑠 + 1,         𝑡 > 𝑠

 

3.   The Implementation of Method 

     In this part, it is mentioned how RKHSM is applied to solve NIDEs and related theories are 

mentioned. In many previous studies, researchers used the Gram-Schmidt algorithm to obtain an 

orthogonal system. However, there are some problems associated with using this algorithm, namely 

numerical instability due to the large number of computational steps required to implement it. 

Therefore, in this study, an alternative algorithm that is numerically stable and less computationally 

complicated will be used. 

The equation (1) can be expressed in the following form: 

𝐿𝑔(𝑡) = ∑ 𝑏𝑘(𝑡)𝑔
(𝑘)(𝑡) − 𝜎 ∫ 𝑇(𝑡, 𝑧)𝐹(𝑔(𝑧))𝑑𝑧

𝑡1𝑜𝑟 𝑡

𝑡0
 𝑞

𝑘=1                                                               (8) 

𝐿𝑔(𝑡) = 𝑤(t), 

where 𝐿:𝑊2
𝑖[𝑡0, 𝑡1] → 𝑊2

1[𝑡0, 𝑡1]  is an invertible bounded linear operator. 

Was chosen a countable set of points {𝑡𝑘}𝑘=1
∞ in the interval [𝑡0 , 𝑡1] define 

 𝛿𝑘(𝑡) = 𝐺𝑡𝑘
1 (𝑡),    𝜇𝑘(𝑡) = 𝐿

∗𝛿𝑘(𝑡) , 

where 𝐿∗is the adjoint operator of 𝐿. 

 

Theorem 3.1. [31] Let {𝑡𝑘}𝑘=1
∞ is dense on [𝑡0 , 𝑡1] then {𝜇𝑘(𝑡)}𝑘=1

∞ is a complete function system of 

𝑊2
𝑖[𝑡0, 𝑡1] and 𝜇𝑘(𝑡) = 𝐿𝑠𝐺𝑡𝑘

𝑖 (𝑡), where the operator 𝐿𝑠 applies to function of 𝑠 
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Theorem 3.2. [28, 29, 30] Let {𝜇𝑘(𝑡)}𝑘=1
∞ be a linear independent set in 𝑊2

𝑖[𝑡0, 𝑡1], and {𝜇̃𝑘(𝑡)}𝑘=1
∞ be 

an orthogonal system in 𝑊2
𝑖[𝑡0, 𝑡1], so that 𝜇̃𝑘(𝑡) = ∑ 𝛽𝑘𝑗𝜇𝑗(𝑡),

𝑘
𝑗=1  if    

𝑔(𝑡) = ∑𝐴𝑘𝜇𝑘(𝑡)

∞

𝑘=1

                                                               (9) 

and the approximate solution 

𝑔𝑀(𝑡) = ∑𝐴𝑘𝜇𝑘(𝑡) =

𝑀

𝑘=1

∑𝐴̃𝑘𝜇̃𝑘(𝑡)

𝑀

𝑘=1

                                              (10) 

    then Γ𝐴 = 𝑤̅, 
    where, 

 

Γ = (

< 𝐿𝜇1, 𝜇1 >𝑊2𝑖[𝑡0,𝑡1]
⋯ 𝐿𝜇1 , 𝜇𝑀 >𝑊2𝑖[𝑡0,𝑡1]

⋮ ⋱ ⋮
< 𝐿𝜇𝑀 , 𝜇1 >𝑊2𝑖[𝑡0,𝑡1]

⋯ < 𝐿𝜇𝑀 , 𝜇𝑀 >𝑊2𝑖[𝑡0,𝑡1]

) ,  𝐴 = (
𝐴1
⋮
𝐴𝑀

) , 𝐴̌ = (
𝐴̃1
⋮
𝐴̃𝑀

), 

 𝑤̅ = (

< 𝑤, 𝜇1 >𝑊2𝑖[𝑡0,𝑡1]
⋮

< 𝑤, 𝜇𝑀 >𝑊2𝑖[𝑡0,𝑡1]

) ,  𝛽 = (
𝛽11 ⋯ 0
⋮ ⋱ ⋮
𝛽1𝑀 ⋯ 𝛽𝑀𝑀

), and 𝛽𝑗ℎ  are orthogonal coefficients, (𝛽𝑘𝑘 >

0, 𝑘, ℎ = 1,2, … ,𝑀). 

     Proof. Let 𝑔(𝑡) ∈ 𝑊2
𝑖[𝑡0, 𝑡1] then 𝑔(𝑡) = ∑ 𝐴𝑘𝜇𝑘(𝑡) =

∞
𝑘=1 ∑ 𝐴̃𝑘𝜇̃𝑘(𝑡)

∞
𝑘=1                                                 

    To get an approximate solution, was cut the series at 𝑀.  

𝑔𝑀(𝑡) = ∑ 𝐴𝑘𝜇𝑘(𝑡) =
𝑀
𝑘=1 ∑ 𝐴̃𝑘𝜇̃𝑘(𝑡)

𝑀
𝑘=1   

= ∑ 𝐴̃𝑘
𝑀
𝑘=1  ∑ 𝛽𝑘𝑗𝜇𝑗(𝑡)

𝑘
𝑗=1 = ∑ (∑ 𝐴̃𝑘𝛽𝑘𝑗

𝑀
𝑘=𝑗 )𝜇𝑗(𝑡)

𝑀
𝑗=1  

{𝜇𝑘(𝑡)}𝑘=1
∞ be a linear independence, the 𝐴𝑗 = ∑ 𝐴̃𝑘𝛽𝑘𝑗 , 𝑘 = 1,… ,𝑀 

𝑀
𝑘=𝑗 then 

                                                                   𝐴 = 𝛽𝑇𝐴̃,                                                          (11) 

using (8) leads to 𝐿𝑔𝑀(𝑡) = 𝑤(𝑡), for 𝑘 = 1,… ,𝑀 , 

→∑ 𝐴̃ℎ < 𝐿𝜇̃ℎ , 𝜇̃𝑘 >𝑊2𝑖[𝑡0,𝑡1]
=< 𝑤, 𝜇̃𝑘 >𝑊2𝑖[𝑡0,𝑡1]

𝑀

ℎ=1

 

→∑ 𝐴̃ℎ∑𝛽𝑘𝑗

𝑘

𝑗=1

∑𝛽ℎ𝑙 < 𝐿𝜇𝑙 , 𝜇𝑗 >𝑊2𝑖[𝑡0,𝑡1]

ℎ

𝑙=1

=∑𝛽𝑘𝑗

𝑘

𝑗=1

< 𝑤, 𝜇𝑗 >𝑊2𝑖[𝑡0,𝑡1]

𝑀

ℎ=1

 

→∑ 𝐴̃ℎ∑ 

𝑗

𝑗=1

∑𝛽𝑘𝑗 < 𝐿𝜇𝑙 , 𝜇𝑗 >𝑊2𝑖[𝑡0,𝑡1]
𝛽𝑙ℎ
𝑇

ℎ

𝑙=1

=∑𝛽𝑘𝑗

𝑘

𝑗=1

< 𝑤, 𝜇𝑗 >𝑊2𝑖[𝑡0,𝑡1]

𝑀

ℎ=1

 

→∑ 𝐴̃ℎ(𝛽Γ𝛽
𝑇)𝑘ℎ =∑𝛽𝑘𝑗

𝑗

𝑗=1

< 𝑤, 𝜇𝑗 >𝑊2𝑖[𝑡0,𝑡1]
→ (𝛽Γ𝛽𝑇)

𝑀

ℎ=1

𝐴̃ = 𝛽𝑤̅, 

from (11) then Γ𝐴 = 𝑤̅.                                                                                                                             ∎                                                                                                                      

 

Theorem 3.3. [25, 28] If 𝑔(𝑡) ∈ 𝑊2
𝑖[𝑡0, 𝑡1], then 𝑔(𝑡)  is bounded.  

 

Theorem 3.4. [25, 26, 28, 31] Let ‖𝑔𝑀(𝑡)‖𝑊2𝑖[𝑡0,𝑡1]
, is bounded, and Eq. (1) has a unique solution. If 

the dense sequence {𝑡𝑘}𝑘=1
∞ ,on [𝑡0 , 𝑡1], then M-term approximate solution 𝑔𝑀(𝑡) converges to g(𝑡)  of 

(1) and the exact solution is expressed  𝑔(𝑡) = ∑ 𝐴𝑘𝜇𝑘(𝑡),
∞
𝑘=1 where 𝐴𝑘 = ∑ Γ𝑘𝑗

−1𝑤̅𝑗.
𝑘
𝑗=1  
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Proof. 

i. To prove that 𝑔𝑀(𝑡) convergent to 𝑔(𝑡), we conclude that: 

𝑔𝑀+1(𝑡) = 𝑔𝑀(𝑡)+𝐴𝑀+1𝜇𝑀+1(𝑡)=𝑔𝑀(𝑡)+𝐴̃𝑀+1𝜇̃𝑀+1(𝑡), 

{𝜇̃𝑘(𝑡)}𝑘=1
∞ is orthogonal, and leads to ‖𝑔𝑀+1‖𝑊2𝑖[𝑡0,𝑡1]

= ‖𝑔𝑀‖𝑊2𝑖[𝑡0,𝑡1]
+𝐴̃𝑘

2 = ∑ 𝐴̃𝑘
2  𝑀

𝑘=1 , 

from the boundedness of ‖𝑔𝑀‖𝑊2𝑖[𝑡0,𝑡1]
,∑ 𝐴̃𝑘

2  𝑀
𝑘=1 < ∞ ,i.e. {𝐴̃𝑘

2}
𝑘=1

∞
∈ 𝐽2 , where  

𝐽2 = {𝐴̃𝑘; ∑ 𝐴̃𝑘
2
 𝑀

𝑘=1 < ∞} , (𝑘 = 1,2, … ) if 𝑁 > 𝑀 then 

‖𝑔𝑁 − 𝑔𝑀‖𝑊2𝑖[𝑡0,𝑡1]
2  

= ‖𝑔𝑁 − 𝑔𝑁−1 + 𝑔𝑁−1 −⋯+ 𝑔𝑀+1 − 𝑔𝑀‖𝑊2𝑖[𝑡0,𝑡1]
2  

≤ ‖𝑔𝑁 − 𝑔𝑁−1‖𝑊2𝑖[𝑡0,𝑡1]
2 +⋯+ ‖𝑔𝑀+1 − 𝑔𝑀‖𝑊2𝑖[𝑡0,𝑡1]

2  

=∑  ‖𝑔𝑘 − 𝑔𝑘−1‖𝑊2𝑖[𝑡0,𝑡1]
2𝑀+1

𝑘=𝑁  

 So ‖𝑔𝑘 − 𝑔𝑘−1‖𝑊2𝑖[𝑡0,𝑡1]
2 = 𝐴̃𝑘

2
, consequently ‖𝑔𝑁 − 𝑔𝑀‖𝑊2𝑖[𝑡0,𝑡1]

2 = ∑ 𝐴̃𝑘
2
 𝑀

𝑘=1 → 0 as 

 𝑀 → ∞ . Considering the completeness of  𝑊2
𝑖[𝑡0, 𝑡1] , 

𝑔𝑀(𝑡) → 𝑔(𝑡), 𝑎𝑠 𝑀 → ∞ 

 where 𝑔(𝑡) ∈ 𝑊2
𝑖[𝑡0, 𝑡1]. 

 

ii. Can prove that 𝑔(𝑡) is a solution of (8). By (9) 

𝑔(𝑡) = ∑ 𝐴𝑘𝜇𝑘(𝑡) 
∞
𝑘=1 = ∑ 𝐴̃𝑘𝜇̃𝑘(𝑡) ,

∞
𝑘=1   

Since 𝐿𝑔(𝑡𝑗) = ∑ 𝐴̃𝑘 < 𝐿𝜇̃𝑘 , 𝛿𝑗 >𝑊21[𝑡0,𝑡1] 
∞
𝑘=1  

= ∑𝐴̃𝑘 < 𝜇̃𝑘 , 𝐿
∗𝛿𝑗 >𝑊2𝑖[𝑡0,𝑡1]

= 

∞

𝑘=1

∑𝐴̃𝑘 < 𝜇̃𝑘 , 𝜇𝑗  >𝑊2𝑖[𝑡0,𝑡1]
,

∞

𝑘=1

 

→ ∑ 𝛽𝑀𝑗 ∗ (𝐿𝑔(𝑡𝑗) = 
𝑀
𝑗=1 ∑ 𝐴̃𝑘 < 𝜇̃𝑘 , 𝜇𝑗  >𝑊2𝑖[𝑡0,𝑡1]

) ∞
𝑘=1     

→ ∑ 𝛽𝑀𝑗𝐿𝑔(𝑡𝑗) = 
𝑀
𝑗=1 ∑ 𝐴̃𝑘 < 𝜇̃𝑘 , ∑ 𝛽𝑀𝑗  

𝑀
𝑗=1 𝜇̃𝑗  >𝑊2𝑖[𝑡0,𝑡1]

∞
𝑘=1   

= ∑ 𝐴̃𝑘 < 𝜇̃𝑘 , 𝜇̃𝑀  >𝑊2𝑖[𝑡0,𝑡1]
=∞

𝑘=1  𝐴̃𝑀 = ∑ 𝛽𝑀𝑗𝑤(𝑡𝑗)
𝑀
𝑗=1 .  

if 𝑀 = 1  then 𝛽11𝐿 𝑔(𝑡1)=𝛽11𝑤(𝑡0) → 𝐿𝑔(𝑡1) =𝑤(𝑡1),  

if 𝑀 = 2 then 𝛽21𝐿 𝑔(𝑡1)+ 𝛽22𝐿 𝑔(𝑡2)= 𝛽21𝑤(𝑡0) +  𝛽22 𝑤(𝑡2) → 𝐿𝑔(𝑡2) =𝑤(𝑡2), 

moreover, it is clear  𝐿𝑔(𝑡𝑗) =𝑤(𝑡𝑗), 

 Since {𝑡𝑘}𝑘=1
∞ ,is dense on [𝑡0, 𝑡1], ∀ 𝑡 ∈  [𝑡0 , 𝑡1], ∃ {𝑡𝑛𝑘}𝑘=1

∞ such that 𝑡𝑛𝑘 → 𝑡, 𝑎𝑠 𝑘 → ∞. 

Hence, when 𝑘 → ∞, by 𝐿𝑔(𝑡) =𝑤(𝑡𝑘), Obtained  𝑔(𝑡) is the solution of (8).                     ∎ 

 

Theorem 3.5. [25, 26] If 𝑔(𝑡) ∈  𝑊2
𝑖[𝑡0, 𝑡1] then 𝑒𝑀

2 = ‖𝑔𝑀(𝑡) − 𝑔(𝑡)‖ 𝑊2𝑖[𝑡0,𝑡1]
2

 
 convergent to 0, and 

the sequence {𝑒𝑀} is monotonically decreasing . 

 

Proof. From 𝑔𝑀(𝑡), 𝑔(𝑡) 𝑖𝑛 (9) , (10) then  

𝑒𝑀
2 = ‖𝑔𝑀 − 𝑔‖ 𝑊2𝑖[𝑎,𝑏]

2

 
= ‖∑ 𝐴𝑘𝜇𝑘(𝑡) 

∞
𝑘=𝑀+1 ‖

 𝑊2
𝑖[𝑡0,𝑡1]

2

 
  

= ‖∑ 𝐴̃𝑘𝜇̃𝑘(𝑡) 
∞
𝑘=𝑀+1 ‖

 𝑊2
𝑖[𝑡0,𝑡1]

2
= ∑ 𝐴̃ 𝑗

2
,∞

𝑘=𝑀+1
 
  

and 𝑒𝑀−1
2 = ∑ 𝐴̃ 𝑘

2
 ∞

𝑘=𝑀 , clearly, 𝑒𝑀
2 ≤ 𝑒𝑀−1

2 , ,and consequently {𝑒𝑀}, is monotonically 

decreasing.                                                                                                                                                ∎ 
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Algorithm  

1. 𝑡 ∈ [𝑡0, 𝑡1]. 

2. 𝑡𝑘 =
(𝑘−1)

(𝑀−1)
, 𝑘 = 1,2, … ,𝑀. 

3. 𝜇𝑘(𝑡) = 𝐿𝑠𝐺𝑡𝑘
𝑖 (𝑡). 

4. Γ𝑘𝑗 =< 𝐿𝜇𝑗(𝑡), μ𝑘(𝑡)  >𝑊2𝑖[𝑡0,𝑡1]
. 

5. N=1 . 

6. 𝑔0(𝑡1) = 𝑔(𝑡1). 
7. 𝐴𝑁 = ∑ Γ𝑁𝑗

−1𝑤̅𝑗.
𝑁
𝑗=1  

8. 𝑔𝑁(𝑡) = ∑ 𝐴𝑘𝜇𝑘(𝑡)
𝑁
𝑘=1 . 

9. 𝐼𝑓 𝑁 = 𝑀 stop . 

10. Else 𝑁 = 𝑁 + 1 go to (7)  . 

     Numerical experiment       

 In this study, three examples of NIDEs have been solved to demonstrate the effectiveness of the 

RKHSM and its ability to converge toward the exact solution after a few number of iterations. Our 

error rate was also compared with other methods using absolute error as a measure. 

The absolute error: 

𝑒𝑘 = |𝑔(𝑡𝑘) − 𝑔𝑀(𝑡𝑘)| ,       𝑘 = 1,2, … ,𝑀.   

Example 1: Consider the Volterra NIDE [32]: 

 𝑔′(𝑡) + 𝑔(𝑡) = 𝑤(𝑡) + 2∫ sin(𝑡)𝑔2(𝑧)𝑑𝑧
𝑡

0
,                  𝑡 ∈ [0,1]           (12)

 

𝑤ℎ𝑒𝑟𝑒 𝑤(𝑡) = 𝑐𝑜𝑠(𝑡)(1 + 𝑠𝑖𝑛2(𝑡)) + (1 − 𝑡)𝑠𝑖𝑛(𝑡), subject to initial condition 𝑔(0) =  0 and the 

exact solution is 𝑔(𝑡) =  𝑠𝑖𝑛(𝑡). 

Table 1. Comparing the numerical results of our method with [32] 

𝒕 𝒈(𝒕) 𝒈𝑴(𝒕) in 𝑾𝟐
𝟒 𝒆𝒌 𝒆𝒌 in [32]  

2.0000𝐸 − 01 1.9866𝐸 − 01  1.9866𝐸 − 01  0 6.6518𝐸 − 06   

4.0000𝐸 − 01 3.8941𝐸 − 01  0.3894𝐸 − 01  5.5622𝐸 − 14  2.2069𝐸 − 05   

6.0000𝐸 − 01 5.6464𝐸 − 01  5.6464𝐸 − 01  0 4.0620𝐸 − 05   

8.0000𝐸 − 01 7.1735𝐸 − 01  7.1735𝐸 − 01  0 2.5674𝐸 − 05   

1.0000𝐸 − 00 8.4147𝐸 − 01  8.4147𝐸 − 01  0 9.6104𝐸 − 05   
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Fig. 1 The comparisons between approximate and exact solutions for Example 1. at M=6. 

Example 2: Consider the Fredholm NIDE [9]: 

                                    𝑔′(𝑡) + 𝑔(𝑡) = 𝑤(𝑡) − ∫ 𝑔2(𝑧)𝑑𝑧 
1

0
,                  𝑡 ∈ [0,1]                (13) 

where 𝑤(𝑡) =
1

2
(𝑒−2 − 1), subject to initial condition 𝑔(0) =  1, and the exact solution is 𝑔(𝑡) =  𝑒−𝑡 . 

Table 2. Comparing the numerical results of our method with [9] 

𝒕 𝒈(𝒕) 𝒈𝑴(𝒕) in 𝑾𝟐
𝟓 𝒆𝒌 𝒆𝒌 in [9]  

1.2500𝐸 − 01 8.8249𝐸 − 01 8.8249𝐸 − 01 0 6.2983𝐸 − 13  

2.5000𝐸 − 01 7.7880𝐸 − 01 7.7880𝐸 − 01 1.1657𝐸 − 14 6.4948𝐸 − 13  

3.7500𝐸 − 01 6.8728𝐸 − 01 6.8728𝐸 − 01 0 6.7090𝐸 − 13  

5.0000𝐸 − 01 6.0653𝐸 − 01 6.0653𝐸 − 01 0 6.9033𝐸 − 13  

6.2500𝐸 − 01 5.3526𝐸 − 01 5.3526𝐸 − 01 0 7.0754𝐸 − 13  

7.5000𝐸 − 01 4.7236𝐸 − 01 4.7236𝐸 − 01 5.8287𝐸 − 15 7.2214𝐸 − 13  

8.7500𝐸 − 01 4.1686𝐸 − 01 4.1686𝐸 − 01 0 7.3024𝐸 − 13  
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Fig. 2 The comparisons between approximate and exact solution at M=10. 

 

Example 3: Consider the Volterra NIDE [33]: 

       𝑔′(𝑡) = 𝑤(𝑡) − ∫ (𝑔2(𝑧) − 2)𝑑𝑧
𝑡

0
                   𝑡 ∈ [0,1]                  (14) 

where 𝑤(𝑡) = 
1

5
𝑡5, the initial condition 𝑔(0)  =  0, the exact solution is 𝑔(𝑡) =  𝑡2  

Table 3. Comparing the numerical results of our method with [21] 

𝒕 𝒈(𝒕) 𝒈𝑴(𝒕) in 𝑾𝟐
𝟔 𝒆𝒌 𝒆𝒌 in [21]  

0 0 0 0 0 

2.0000𝐸 − 01 0.4000𝐸 − 01 0.4000𝐸 − 01 0 4.6837𝐸 − 17 

4.0000𝐸 − 01 1.6000𝐸 − 01 1.6000𝐸 − 01 0 2.7755𝐸 − 17 

6.0000𝐸 − 01 3.6000𝐸 − 01 3.6000𝐸 − 01 1.1657𝑒 − 14 1.11022𝐸 − 16 

8.0000𝐸 − 01 6.4000𝐸 − 01 6.4000𝐸 − 01 0 2.2204𝐸 − 16 

1.0000𝐸 − 00 1.000𝐸 − 00 1.000𝐸 − 00 0 1.1102𝐸 − 15 
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Fig. 3 The comparisons between approximate and exact solutions at M=4. 

5. Conclusion 

In this study, the reproducing kernel Hilbert space method was applied on three examples 

of nonlinear integro- differential equations that have analytical solutions for the purpose 

of knowing the accuracy and effectiveness of proposed method, using MATLAB R2023a 

to obtain a numerical result. Anew algorithm was used instead of the Gram-Schmidt 

algorithm, which was It is numerically unstable and contains many complicated 

mathematical operations. A comparison was also made between the resulting approximate 

solutions and the approximate solutions of other methods. The results showed that the 

absolute error in the solutions is equal to zero or converges to zero, which means that it is 

better than the results of [32], [9] and |33] at an equal number of iterations. The algorithm 

is simpler, more efficient and contains fewer mathematical steps, leading to more accurate 

approximate solutions compared to other methods. 
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