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ARTICLE INFO ABSTRACT

The nuclear structure of 222U jisotopes has been
investigated using the interacting boson model (IBM-1).
The model space is extended to include the f-boson (L=3) to
calculate the negative parity energy levels . The ground state
band (g.s.-band), beta band (B-band), gamma band (y-band),
and two negative bands have been described. The predicted
wave functions have been used to calculate the transition
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1. Introduction

Even-even deformed nuclei are characterized by well-ordered energy bands. The fundamental
evidence for the arrangement of energy levels within the structure of these bands is derived from
calculations of the strength of electric quadrupole and electric dipole transitions [1]. The observation of
low-lying rotational bands with K™= 0~ in even—even nuclei is indicative of their having strong octupole
correlations. Further evidence is provided by the size able value of the E3 transition to the ground state
[5]. Experimental studies conducted in the rare-earth area suggest stable octupole deformations at
angular momentum (J™ > 10%) [2-7]. The sequence of the negative parity band strongly depend of the
Fermi level in the deformed region [8].In heavy nuclei A >220 , the closely lying single particle g and
jisi2 neutron orbitals, along with the f72 and 132 proton orbitals, in proximity to the Fermi level, form the
basis for the existence of octupole deformation [ 9,10]. Theoretically, the negative levels in heavy nuclei
have been studied in detail using nuclear models [11-15 ]. The aim of the present work is to carry out a
systematic interacting boson model calculations of the even -even U-isotopes with A = 226-236. Special
attention will focus on identifying the negative parity bands generated by adding an f-boson to the model
space. As well as to investigate the potential energy surface of the studied nuclei.
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2. Interacting Boson Model

Arima and lachello proposed the Interacting Boson Model (IBM) of nuclear structure, which has
been widely used to study the nuclear structure of even-even nuclei [16-20]. The main aim of the
model is to calculate the energy levels, so it is necessary to write the Hamiltonian of the system. In
the sd-space, with creation (sTdT) and annihilation (sd) operators for s(L = 0) and d(L = 2)
bosons, respectively. The general form in one body and two body terms is written [16-18].

+ %vz[(dT X dT)(Z) X (dx35)P + (dt x SJr)(Z) x (d % d )(2)]80)
+%vo[(d’r X dT)(O) X (§x§)O 4 (st x ST)(O) x (A xd )(o)](()o)
+uy [(d’r X s*)(z) X (dx3 )(2)]20)

+ %uo [(ST x s x 5 x )(0)]:)) : )

Where C, (L =0,2,4), u,(L=0,2) andv,(L=0,2) represent the two body interaction
parameters. The Hamiltonian operator can also be expressed in terms of a boson-boson multipole
interaction and takes the following form [19]:

ﬁsd = Ednd +aoﬁ.P+alz.1+a2 Q.Q+a3 T‘3.T3 +a4T4.T4_ (2)

where g4 is the boson energy; a; (i = 0 —4) represent the strengths of the pairing, angular
momentum, quadrupole, octupole and hexadecupole interactions between the bosons, respectively.
The strength of these interactions in the Hamiltonian depends on the nucleus's shape. In particular,
the level scheme of SU(3) nuclei corresponds to the values of the a; and a, parameters.

Extending the model space to include the f (L = 3) boson, the system's Hamiltonian is written as
follows [20-23]:

H=Hsd+Hf+VSdf' (3)

Hgq the Hamiltonian in sd-space interaction as in Eq. (2). Hr = Egns. where ng and E; are the
number of f-boson operator and their energy. Vg4 describes boson’s interaction in sdf-space. The
multipole expansion has been used in the form

st‘(’i’}tlt =A1LgLs +A0Q04 Q5 — A30Q3 - Q3. @
Lg.L = —2v/210 [(dtd)® x (fff)(l)](()O) )
QuQs = —2V35 [{(d'5+sTD)® — y(@' D)@ x (F1 @] ©®
Q* = T f+fTH® — ys @ + fTD)® o

The electric transition operator T(EX) [, = 1.2.3 in the IBM has the following form

TEL = e [TE2 x (sTF + fTIHPWD t ey, (dtf + fTHD €))
TE2 = e,.5 (dT5 4+ sTd)@ + e,,(dtd)@ (9
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TE = e3[TF? T+ 1HE® 4 ‘935,‘(5Jr]E + ng)(3)+e3df(de
+f1d)® (10)

The PES can be thoroughly described to clarify the fundamental ideas of nuclear structure. The PES
formal is used as a function of the deformation parameters  and y [17,24]

Ng
V(B.y) = 1542 (Ry + Ry8?)
Np(N; — 1
" % (RsB* + RyBcos3y + RsB® + Re) (12)

where Rj is related to the model Hamiltonian in sd-space parameters [20]. Ny is boson number.

3. Energy Levels

To calculate the energy levels of 226238y isotopes, the Hamiltonian in Eqg. (3) has been
diagonalized by PHINT code [26]. The proton and neutron boson numbers have been determined,
corresponding to Z=82 and N=126 closed shells. The energy ratio R,,, = E4{/E2{ has been
calculated as shown in Table 1. These values indicate that these isotopes belong to the rotational
limit. The values of the parameters are chosen to fit the experimental data as shown in Table 2.

Table 1. The value of the energy ratio R, , = E47 /E2T of 22%°U

A EXP IBM
226 3.08 3.32
228 3.40
230 3.31 3.37
232 3.31 3.37
234 3.32 3.38
236 3.31 3.38

Table 2. The values of the parameters of the Hamiltonian used in Eq. (3). = -1.322 for all isotopes

A Ns a1 a Ax Az As
226 9 -0.0200 0.005 -0.01 -0.024 0.01
228 10 -0.0110 0.005 -0.01 -0.01 0.01
230 11 -0.0110 0.004 -0.001 -0.001 0.01
232 12 -0.0110 0.004 -0.026 -0.01 0.02
234 13 -0.0110 0.003 -0.03 -0.01 0.01
236 14 -0.0120 0.003 -0.021 -0.01 0.01

3.1. Levels scheme of the 226U isotope

This isotope has 92 protons and 134 neutrons with 5 proton bosons and 4 neutron bosons. The
total number of bosons is 9, and according to the theoretical foundations of the model, the maximum
angular momentum that can be calculated is J = 2N = 18. The model calculations for the low-lying
levels of the 22°U isotope show a trend close to the SU(3) as shown in Fig. 1. Three positive parity
energy bands and two negative parity bands have been plotted. Experimentally [27], the energy of
the J™ = 27 — 147 for ground state band have been observed. The energy of J™ = 67 is equal to
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0.524 MeV and 0.483 MeV in the model and experimental results, respectively. For the other levels,
the difference increases significantly with increasing angular momentum. For 3 and y bands levels,
no experimental data have been observed yet. Theoretically, the energies of these bands head are
equal E(J™ =03)=1.019MeVand E(J™ = 23) =1.0944 MeV. Regarding negative parity states,
the figure included two bands. The states of the first one are j*=1-,37,57,77,97,117,137. A
comparison of the calculated values with available observed values shows a good agreement, and
the sequence has been achieved. The theoretical energy of the J™ =57,77,97 states are 0.404,
0.653, and 0.998 MeV, while the empirical values are equal to 0.447, 0.669, and 0.950 MeV,
respectively. For the second band, there are no empirical values and the calculated energy of the
first state the J™ = 27 equal to 0.356 MeV.

_ngU
1o 13 17
3.0 1 12 10—
14—
14 " — 15
2.5 io* "
— -
% o 12
13
s 2.0 12 - g — —
= -
> s .
5 ¢ ¢ —
o 154 . S ol 11
c 10— : 5" — i
T, 4 4 — .
—_ 2 3 — F—
104, o— 2! ’— 9
- 6
T 7
054 66— — 5 5 F—
. — %
4 3
9 Ad T— l-—
004 5 — —
IBM-1 EXP  IBM-1 IBM-1 IBM-1 EXP IBM-1

Fig.1. Theoretical and available experimental [27] energy levels for 225U isotope
3.2. Levels scheme of the 228U isotope

With a total number of bosons equal to 10, the level scheme of 228U has been plotted in Figure 2.
Experimentally, only E(2}) has been observed yet. The energy of this state is equal to 0.059 MeV
and 0.054 MeV in the model and experimental results, respectively. The members of the ground
state band appear up to the J™ = 187 in the figure with 3.120 MeV. For B- band, the energy of
the J™ = 03 is equal to 0.681 MeV while the energy of the J™ = 167 is equal to 3.108 MeV. On
the other hand, the E(23) = 0.682 MeV. The predicted energies of the negative-parity states
17 (K®=17) and 27 (K™ =27) are equal to 0.278 MeV and 0.347 MeV, respectively.
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Fig. 2. Theoretical and available experimental [27] energy levels for the 222U isotope.

3.3. Levels scheme of the 2°U isotope

The theoretical and available experimental data have been plotted in Figure 3. One can see that
the model predicts very well the energies of ground state band members.  For example, the energy
of J®=2] —10} areequalto0.049, 0.162, 0.341, 0.585, and 0.894 MeV in the model calculation
compared with the observed ones of 0.051, 0.169, 0.346, 0.578, and 0.856 MeV. The 23,37, and
43 states have similar behaviors, and these levels are members of the y-band. At the best fit, their
calculated energies are equal to 0.741, 0.790, and 0.855 MeV, respectively. We conclude that the
07 state lies below the 23 state, so it shows the appearance of a B-band below the y-band.
According to this study, the 17 state appears at 0.399 MeV and 0.366 MeV in the model and
observed results, respectively. Our calculated first 9~ states at 0.957 MeV are close to the observed
one at 0.958 MeV. The 27 (k™ = 27) state is the band head that appears in the model calculation
at 0.340 MeV.
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Fig. 3. Theoretical and available experimental [22] energy levels for the 2°U isotope.

3.4. Levels scheme of the 22U isotope

As seen in figure 4, the model results are compared with the available experimental values for
the five bands. The theoretical results and the experimental data of the ground-band levels showed
agreementupto J* < 10%*evels. Concerning the B-band, the calculated and experimental energies
of the (03 , 23) levels are (0.758, 0.807 MeV) and (0.691, 0.734 MeV), respectively. For the y-
band, the third 2* level (band head) is predicted at 0.808 MeV, which is the observed one at 0.866
MeV. The second level in this band J™ = 3 appears at 0.911 and 0.857 MeV in the experimental
and model results. From the figure, one can see that a good agreement exists between the calculated
and experimental data for the first negative band. For example, the energies of the (17, 37) states
are equal to (0.563, 0.628 MeV) experimental and (0.584, 0.617MeV) theoretical, respectively. On
the other hand, it can be noted that the levels of the second negative band are not the f-boson states,
where the energy of the lowest level (J™ = 27 ) is equal to 1.016 and 0.528 MeV experimentally and
theoretically, respectively. maybe they are p-boson (L=1) levels.
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Fig. 4. Theoretical and available experimental [27] energy levels for the 232U isotope.

3.5. Levels scheme of the 2*U isotope

In this case, there are thirteen bosons. The comparison between the calculated and available
experimental data has been shown in figure (5). The main advantage of the energy scheme is that all
available experimental states have been produced well. For instance, the observed energy 107 is
equal to 0.7142 MeV compared to the theoretical value of 0.7837MeV. The calculated energies of
the J™ = 03, 23,47, 63 and 8% states that the members of the B-band are equal to 0.824, 0.867,
0.967, 1.123 and 1.337 MeV, while the experimental ones are equal to 0.809 0.851, 0.947, 1.096
and 1.292 MeV, respectively. For the y-band, the model calculations are consistent with observed
data, as shown in the figure. This first negative band is characterized by a high approach of the
values to the J™ = 11~ level . This indicates that observed and theoretical values demonstrate these
approaches throughout the levels. For example, the experimental energiesofthe J™ = 3~ and 5~
levels are equal to 0.628 and 0.746 MeV, while their theoretical valuesare 0.731and 0.855 MeV.
The behavior of the second negative band level is similar to that of the other isotopes. The figure
illustrates the discrepancy between the calculated values and the available experimental values.
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Fig. 5. Theoretical and available experimental [27] energy levels for the ‘U isotope.

3.6. Levels scheme of the 2*®U isotope

A comparison between the results of the IBM-1 model and the available data for each of the five
band members has been shown in figure 6. The calculated excitation energies are obtained by
diagonalizing the Hamiltonian with a system of the 14 bosons. The theoretical energy values for
the low-lying of the ground band show a great deal of convergence and a slight difference in the
observed energy from (J™ = 6" -10%) levels . As for the B and y bands, the observed ones are
lower than the theoretical ones, and the sequence has been archived. Up to the energy range of 3.5
MeV, the energy of the first negative band levels up to (/™ = 19~ level was obtained. The figure
shows consistency between the theoretical and practical values, especially for (J™ < 11~ levels .
Similar to previous isotopes, the calculated energy values for the second negative band levels were
found to be far from the experimental values. This difference indicates that these levels are outside
the used model space.
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Fig. 6. Theoretical and available experimental [27] energy levels for the U isotope.

4. Electric Transition Probabilities

The operator in Eq. (9) was used to calculate the quadruple transition probability B(E2). The a-
and B2 parameters have been chosen to fit the experimental value of the (E2; 27 — 07) and SU(3)
limit properties. The a2 =0.200, 0.205, 0.2157, 0.2260, 0.2247, and 0.2330 eb have been used for
226236 jsotopes, respectively. The value of these parameters reflects the deformed rotational limit
[12]. The B(E2) values have been listed in Table 3. The experimental results were taken from
Ref. [27]. For all isotopes, the transitions between members of the ground band were found to have
the greatest B(E2) value. From the table, one can see the a good agreement between the calculated
and experimental data for the 23°U isotope. For the B(E1) calculation, The eio= 0.0005 e b*?and
e1¢=0.0025 e b'2 for all isotopes.To estimate the values of esq and e3sf in the E3 operator, the
observed B(E3; 37— 07 ) values in the 242%U isotopes have been fitted. For all isotopes, the ess=
0.3 e b* and esq = 0.5, 0.45, 0.55, 0.55, 0.55, and 0.3 e b¥2. The B(E1) and B(E3) values have
been listed in Tables 4 and 5. To check the value of the transition probability regarding the dynamical
symmetry of the model, the B(E2) ratios for several transitions have been calculated. Table 6 displays
the ratio values with an IBM limit [28]. It is evident that the values reflect the SU(3) limit properties.

Table 3. Theoretical B(E2) values for 226221 isotopes in (e?b?) unit. Available observed data [27]
is provided in the second row.

]+ _)]}- 226U 228U 230U 232U 234U 236U
14
2,50, 16011 16821 1.8623 2.0444 2.0209 2.1730
1.8621(2265) 2.0450(1782) 2.0256(858)  2.1529(694)
4,2, 22609 23753 2.6298 2.8869 2.8538 3.0685
2.9516(2083)
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6, >4, 24379 25613 2.8357 3.1129 3.0772 3.1129
3.3422(1823)
8,56, 24730 25982 28765 3.1578 3.1215 3.3564
3.3856(347)
10, > 8, 24340 25572 2.8311 3.1079 3.0723 3.3034
3.1252(347)
2,50, 00117 00124 0.0136 0.0150 0.0148 0.0159
2,52, 01216  0.1277 0.1414 0.1553 0.1535 0.1650
2,52, 00193 00203 0.0224 0.0246 0.0243 0.0262
0.0421(69)
2,52, 00125 00129 0.0145 0.0159 0.0157 0.0169
4,52, 08309  0.8731 0.9665 1.0610 1.0488 1.1277
3, >2, 01365  0.1434 0.1588 0.1743 0.1723 0.1853
3,52, 00191  0.0200 0.0222 0.0244 0.0241 0.0259
3, >4, 00693  0.0728 0.0806 0.0880 0.0875 0.0941
5,3, 13135 13800 1.5278 1.6772 1.6579 1.7827
5,4, 01095 01151 0.1274 0.1399 0.1383 0.1487

Table 4. IBM B(E1) and B(E3) in €°b and e? b® unit, respectively, for 22623°U isotopes.

Transition 226 228y 230y

Ji = I} B(E1) B(E3) B(E1) B(E3) B(EL)  B(E3)

1, —- 0 2.8x10* 4.4x10* 6.1x10*

1Li—>2 1.4x10* 0.50423 9.3x10° 0.53070 3.4x10* 1.5399
11> 4 0.22614 0.12094 0.09606
31— 0 0.18951 0.16030 0.12983
31— 21 3.7x10* 0.25517 4.9x10* 0.24916 5.2x10* 1.1141
31— 4 4.4x10° 0.19498 2.1x10° 0.19241 2x10° 0.33130
21— 2 2.9x10* 0.05152 3.7x10* 0.02852 2.2x10* 0.00099
21— 4 0.20736 0.23469 0.64405
5 — 4 3.8x10° 0.25190 4.8x10* 0.26320 5.1x10* 1.2704
5> 21 0.23374 0.19215 0.25549
4, — 21 0.00312 0.00156 0.93311
41 — 44 2.7x10* 0.08679 3.2x10* 0.06914 1.7x10* 1.0637
71— 44 0.17942 0.15119 0.26379

71— 61 3.6x10* 0.26906 4.6x10* 0.29118 4.9x10* 1.2378

Table 5. IBM B(E1) and B(E3) in e?b and e® b unit, respectively for 2>2%U isotopes.
Available observed data [27] is provided in the second row.

Transition 232 24y 236
I -0} B(E1) B(E3) B(E1) B(E3) B(EL)  B(E3)
1, — 0, 2.08x10* 5.6x10* 8.8x10*
11— 2 4.1x10* 0.19125 1.9x10* 0.88245 0.2x10% 0.06451
11— 4 0.78718 0.38755 0.07884
31— 0 0.11020 0.09373 0.07962
0.0928(57) 0.07571(1)

3i—2 2.9x10* 0.07322 3x10°6 0.00005 6.9x10* 0.01653
31— 4 1.7x10* 0.38006 3x10° 0.39577 2.7x10° 0.08428
21— 2 6.5x10° 0.54012 1x10® 0.35926 2.5x10*  0.22190
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21— 4 0.01007 0.19302 0.00896

51— 4 1.8x10° 0.02506 1.3x10° 0.03156 8.4x10* 0.00012

51— 2; 0.06752 0.04673 0.06303

4y — 2, 0.07073 0.12070 0.10304

4 -4 1.2x10* 0.59208 4x10°5 0.10547 3.6x10* 0.17761

71— 4 0.03475 0.01112 0.03932

71— 61 1x10° 0.01490 4x10° 0.07571 8.9x10° 0.00048

Table 6. Calculated B(B(E2) ratios and IBM limit [28] in U isotopes.

Ratio 226U 228U 230U 232U 234U 234U U(5) SU(3) 0(6)
R — 23 > o0f

172852 0640 0640 0.640 0.640 0.640 0.640 0.011 0.70 0.070
Rl = 23 - 2f

272t ->0f 0075 0075 0.075 0.075 0.075 0.075 140 0.02 0.79
R = 4t - 2f

3728 »2f 1859 18.60 1859 18.58 1859  18.59 1.0 6.93 1.84
R = 37 - 2f

*73F 54+ 1969 1969 1970 1980 1969 1.969 0.06 250 0.12

5. Potential energy surface

The potential energy surface V(f,y) for uranium nuclei as a function of the deformation
parameters 3 and vy is represented in Figure 7. The [ deformation parameter in Eq. (12) is arranged

by the distortion factor to the Bohr Collective Model (BCM) as By = LﬂBCM, where A is

2:36Ng

the mass number [29]. It appears that all nuclei are deformed shapes with minimum values at § =
1.2-1.4 and y = 0°. In order to investigate the nuclear shape, we calculate PES as a function of B =
0-3 for y=0°, 30°, and 60° as shown in Figure 8. Clearly, the Vmin(B,y) value is on the curve of
y=0°, and it was as follows: Vmin(B,Y) = Vmin(1.4, 0°)=-3.3426 , Vmin(1.2, 0°) = -2.1497, Vmin(1.2,
0°) = -2.6388, Vimin(1.4, 0°) = -3.1885, Vmin(1.4, 0°) = -3.7369, and Vimin(1.4, 0°) = -4.7976 MeV
for 226-236 jsotopes, respectively. The Vmin values and deformation parameters align with the
rotational limit SU (3), primarily exhibiting a prolate shape.
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Fig. 7. The IBM potential energy surfaces for the considered 226-2%U isotopes, within deformation
parameters: 0°<y<60°and 0 <p,<3.
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Fig. 8. The potential energy surfaces values as a function of 0 <B,<3 and y=0°, 30°, and 60° for the
2262351 sotopes.

6. Conclusion

The nuclear structures of even-even uranium isotopes (A=226-236) have been
investigated using the Interacting Boson Model (IBM-1). The calculated positive and
negative parity energy levels showed good agreement with experimental data. The states of
the first negative parity band (K™ = 17 ) are f-boson states, while the states of the second
negative parity band (K™ = 27 ) are not; they may be p-boson (L=1) states. Theoretical
calculations of electric transition probabilities B(E1), B(E2), and B(E3) agree well with
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available experimental data. The potential energy surfaces confirmed that all isotopes are
deformed nuclei, mainly in a prolate shape.
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