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1. Introduction

The Fredholm integro-differential equations (FIFDESs) of multi-fractional orders with variable
coefficients that lie in the interval (0,1] in the Caputo sense are the aim of this work by using a suitable
finite difference method. Their general form is as follows:

ED™Mu(t) + X P () D () + P (Dult)

=f(t) + Af; Zj-’;o.‘Kj(t,s)ngm_ju(s)ds, as<t<b (D
subject to the boundary condition:
gru(a) + Aulb) = G (2)

where g41,#41 and C; € R. The fractional orders 0 =y < a; << a, <1, and 0 =, <
1 <+ < PBm <1such that u = max{[a,l,[B]} = 1. The unknown function to be found in
equation (1) is u. Additionally, the functions f,?; € C([a,b],R), X; € C(O,R), and the 6 =
{(t,s):a <t <s < b} represented the known continuous function for all i =1,2,...,nandj =
0,1,..,m. with scalar parameter. Since p = {a,—;,fm—,} € (0,1] for all i=0,1,..,n and j =
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0,1,..,m, Where n,m are nonnegative integers, the ng represents the p -Caputo fractional
differential operator of the real-valued function u(t) on the closed bounded interval [a, b].

The purpose of this research is to solve Fredholm integro-fractional differential equations (1) with
boundary conditions (2) using the quadrature rule. This numerical method for estimating a solution at
a point can be used to approximate the value of an unknown function at that given point. The
quadrature techniques are the basis of every numerical method for finding solutions of integral parts
in functional equations: Abdullo, Samandar, and Bobomurod [1] used quadrature methods to solve the
first kind Abel integral equation; Al-Nasir [2] applied it to solve Volterra integral equations of the
second kind; and J. Saberi-Nadjafi with M. Heidari [3] used the modified trapezoid quadrature method
for solving Fredholm integral equations of the second kind, although S. Rahbar and E. Hashemizadeh
[4]. While Emamzadeh and Kajani [5] used the quadrature technique for the second kind of nonlinear
Fredholm integral equation. Moreover, S. A. Isaacson and R. M. Kirby [6] applied it to solve singular
Volterra types. Furthermore, Saadati with Shakeri [7] and M. Al-jawary [8] are solving linear integro-
differential equations applying quadrature techniques. Also, Ahmed with Hamasalih [9] used it to
numerically treat the solution of the most general linear Volterra integro-fractional differential
equations.

The structure of the paper is as follows: The necessary definitions and fundamental introduction to
fractional calculus are provided in Section 2. Section 3 provides a fundamental review of the
formulation of Quadrature-Midpoint techniques. Numerical techniques are derived for FIFDES in
detail in Section 4. Additionally, this section's algorithm explains the scheme's primary phases. The
numerical results are shown in Section 5, and Section 6 offers the conclusions. The purpose of this
study is to use quadrature techniques for Caputo derivative terms that depend on collocation points
and convert to an algebraic system using the finite difference approximation. Finally, it evaluates the
multi-order linear FIFDES' approximate solution.

2. Fundamental Definitions of Fractional Derivatives:

This section outlines the fundamental definitions, features, and attributes of fractional derivatives. In
addition, a number of basic ideas and lemmas that are used in this study were described.

Definition 1 ([10]). If there is a real number p > 1 such that u(t) = (t — a)Puy(t), with uy € Cla, b],
then a real function u, defined on [a, b], belongs to the space C, [a, b],n € R. It is also said to belong
to the space C;*[a, b] if and only if it's m-th derivativeu™ (t) also belongs to Cyla,bl,m € Z*.

Definition 2 ([11,12]). For a function u € C,[a,b],n = —1, the left-sided Riemann-Liouville
fractional integral of order p > 0 is defined as

t
a]tpu(t)=%p) [€-prruas,  pewt, aseso

Here, I'(.) denotes the gamma function, and for p = 0, we have the Riemann-Liouville identity
operator, Ju(t) = u(t).

Definition 3 ([11,12]). The operator ﬁDtpu(t), forafunction u € C[’f [a,b] oforderp > 0and t > a,
defined as

RpPu(t) = DIP! 1P 1P u(e)

is called the Riemann-Liouville fractional derivative of order p. Where [. |[denotes the ceiling function,
and for p = 0, we have the Riemann-Liouville identity derivative operator, ED2u(t) = u(t).

Definition 4 ([11,12]). The operator ngu(t), for a function u € C[‘ﬂ [a,b] oforderp = 0and t > a,
defined as

dlel u(é)

ald s

aDfu(t) = a/,[p]_pD,[p]u(t) = mj (t — &)lel-p-1
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is called the Caputo fractional differential operator of order p. In the Caputo manner derivative for
p = 0, we have the Caputo identity derivative operator, $Du(t) = u(t). The following properties
hold:

o JOJPu@®) = a_jgpl*"zu(t) = JP? JPu(t) for all py, p, > 0.

e BDPA=c (Ft(_la_)p) and DA = 0; A is any constant;(p = 0,p & N).
o SDP JPu(t) =u(e),for[pl—1<p<Ipl, a<t<b.

_1u®

o JEEDPu() = u(®) - T L (e - 0y, for [p] - 1 < p < [pl.
o SDPu(t) =ED? [u(t) — Tipl-1l[w; a]], and Tj,-1[u; a] denotes the Taylor polynomial of

degree [p] — 1 for the function wu, centered at a.

Lemma 1. ([13]) If t > a and for u(t) = (t — a)¥, for y > —1 and p € R* then the following
statement hold:

p _ T(y+1) _ y+p
ot u(t)—r(y+p+1) (t —a)rte.

Lemma 2. ([13]) The function u(t) = (x — a)?, for y = 0, has a Caputo derivative of order p > 0,
which is formed as: For y € {0,1,2,-+,[p] — 1}: $DPu(t) =0and fory e Nandy > [plory ¢
Nandy > [p] — 1:

TOED gy,

Ty—-p+1)

Lemma 3. ([14]) For fractional order 0 < p < 1 at specified pointst = t,,;r=0,1,...,N—1and
h = (b — a)/N, the Caputo derivative finite difference approximation is created

EpFu(t) =

hP
D7 u(tran) = s D [ultr—er2) = ultr-r)] ©)
£=0

where b} = (£ +1)17P —¢17P

Lemma 4. ([15,16]) Let sayp =0, p ¢ N. and foru € C[‘;] [a, b]. Then [$DFu(t)];=q = O, that is
%im[gD,fJ u(t)] = 0, and the Caputo fractional derivative§Df u(t) is continuous on [a, b].
-a

3. Quadrature-Rule ([16,17,18,19]):

The weighted sum of a finite number of integrand function sample values is known as the
quadrature rule. Consider the real-valued function g(t), which is defined on [a, b]. By using
= w;g(t;) + R[g], we want to calculate the value of the integral f;g(t)dt. With R[g] as the

remainder and the quadrature rule {wj, tj}j,\]:l may be found in tabular form, where the integration

nodes are represented by the real numbers ¢; and the quadrature weights, or constants, are represented
by w;, [17,18]. We present here two algorithms for generating the quadrature rule defined by the
weight function and number of nodes:

For [a, b], we subdivide the interval from a to b into N-subintervals of size h, h = b;{—a; N > 1 with

grid points x; = a + ih (i = 0,1,2, ... N). Then we can write the integration by the Trapezoidal rule as:

b N-1 N
| s = %[f(a) +2 Z fled+ f(b)] = h Zwk fao @

. . 1 .
Hence wi are weights for the trapezoidal rule, where w§ = wj = > wi=1;(0<i<n).

Also, we can write the integration by Simpson’s rule as in the following generalization formula:

(N-is even):



D. C. Zahir, S. S. Ahmed.

b N/2 »
[ rear =1 wirGea 5)
a i=1k=0
(N-is odd):
(N-1)/2 2 1

[reaar=n Y YwirGad+hy wifens  ©
@ i=1 k=0 k=0

while wiand wi are the weights for Simpson’s and trapezoidal rules, respectively, where w§ =
1 4 1
wi=o,wi =z and w§ = wf ==.

4. A Numerical Technique Utilizing the Quadrature-Rule:

This section presents a suitable approach that uses quadrature methods with the aid of the finite
difference approximation to treat multi-fractional orders of FIDEs with variable coefficients. Recall

equation (1) for 0 < max{a;, 8;} < 1 with strictly decreasing for a; and g; for all i = 0,1, ...,n;j =
L]

0,1, ..., m. Thus, for obtaining an approximation of the solution w(t) in a given set of (N + 1)-equally
spaced grid points t, = t, + rh, (r = 0,1, ..., N) with t, + Nh = b, consists of approximating the
linear Fredholm IFDEs (1) in the discretized equations:

z Pi(0) $D/ " u(t) + P, (H)u(t) ]
i=0

t=t,
m-—1 b
= fE)+A Y f K, (ty,)EDP™u(s)ds
b =0t
+Af K (tr, s)u(s)ds (7)

This leads to a system of N + 1 linear algebraic equations in N + 1 unknowns. i(t,.) = ii,,, which
approximates u(t,). Here, the Fredholm integral part in (7) is approximated by the closed Newton-
Cotes formula (Trapezoidal rule and Simpson’s rule), and the fractional differential parts are
approximated by using forward difference as stated in the following proposition:

4.1 Trapezoidal Method:

By applying (4) rule to evaluate each integral part in equation (7) for each r = 0,1, ..., N and taking
into account the formula (3) with lemma (4), that is, the Caputo-fractional order for any continuous
function at the starting pointt = t, = a equal to zero, then its results are formed in the following
classification: First, for r = 0, we obtain:

m-1 (N-1 p—1
~ j , ~ ~ Bm—j
Poofip = fo + Ak Z Z .‘]C({,pAﬁl(j) Z[up_q - up_q_l]bq /
j=0 \p=1 q=0
1 N-1 Ah N-1
j . ~ ~ Bm—' ~ ~
+ E.?C({,NA,‘;(]) [Z [tiy—¢ — liy—e—-11b," | + 77(5%110 + Ah 2 Koplip
£=0 p=1
Ah 5
+ 77637,11@% )
Assuming that:
7() = = 9
A(j) = ——=
YAV, 1_.(2 _ U{’—j) ( )

Where ¢ is the fractional order @ or g with £ = n or m, respectively, for all j =0,1,...,#. That
AS(#) = 1and K}, = Ky(t,,s,) for all ,7, and p, 1, is the approximate value of u(t,.).
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Second, forr =1,2,...,N, replace itbyr =r —1sor = 0,1, ..., N — 1 also using equation (3) with
lemma (4) to equatlon (7) yields:

Z P; 741 A5 () {Z [Tir_pq — ar‘—{’]b?n_i} + P ip1llig

m—1 N-1 p-1
Bm-—j
=fr_+1+/12 h JC}HP AP (])Z[up —q — Upq-1]bg"”
j=0 p=1 q=0
b N-1 Ik
~ Bm-j
+ = IKTJHN A m () D ik — Uy—r-11b," | ¢ + = 7(+10u0
k=0
N-1
+2h Y KT,
p=1
A
+ 7:7(‘7=+1'NUN (10)

From the linear algebraic equations (8) and (10), we construct a linear system of equations; this can
be written in a matrix form:
[L-NU=F (11)
where L = [Lielny+1xn+1 1S @ lower triangular matrix and defines each element Ly, forall k,£ = 0: N
as:
Ly =0 forall k < )

ka=7-[“(k) foreachk = 0: N

Lio = z P AZ()bEt forallk = TN
> (12)

L, = z P AL C such thatall k > [

for each k =23,..,Nandwith¢=12,..,k—1

while
Pro ifr=0
HE@) = (13)
T Pur + z P, A%({)  o.w.
and the coefficients b7 and CJ (¢ = 0: N) for any real number o € (0,1], (6 = a or B) defined as:
g—(l‘l“g)la fl(f ;b():l
o o o o (14)
C; =by —by_;, ; C§ =1 andassumeb?; =0,Vi

Moreover, the I = [I;]y+1xn+1 1S @ square matrix of dimension N + 1and define each element I,

forall s,# = 0: N as:
m-—
Bm
[so = Z m () Z sd d— 1]
j=
m-—

¢ = AhK5, + AL () Z 24 f’”{,’ P=T:N—1; (15)
j=0
AR —
Ion = 5 [ %2h + A8 (Hxcl,
j=0 )
where the sign () denotes that the last term of the summation is multiplied by % (half). Furthermore,
F=I[fo fi = fv]T and U=[t, U - 1ty]”
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since f; = f(t;) and @; (i = 0: N) is the approximate value of u; = u(t;).
Finally, in this technique, a boundary condition of equation (2) is added as a new row in the system
(11) can be formed in matrix form, this gives:

BU=C¢C (16)
where
B=[g11 0 - 0 hyylyy, U=l U - ﬁN]T and C=[(]
obtaining a new matrix by adding (16) to (11), yields
DU=E (17)
where
L—1 F
D = ]| s 0ee and E = cese
B I(v+p+)x(v+1) Clin+p+1)x1

To determine the approximate column vector U’s in equation (17), store the matrix D and compute
DTD and DTE then use the LU-factorization procedure to solve [DTD]U = [DTE]. Then the
approximate solution for all %; at each point t;(i = 0: N) is obtained for fractional order linear FIDEs

).

The Algorithm (AFIFT)

The approximate solution for linear IFDEs of Fredholm type with variable coefficients by using
the closed Newton-Cotes formula (Trapezoidal rule) with the aid of finite difference approximation
can be summarized by the following stages:

Step 1:
a. InputN € Z*, take h = (b —a)/N and t,. = a + rh.
b. Input the coefficients of the boundary conditions. g,1, h11 and C;.

Step 2: To compute AS (k) for each k = 0,1, ...,#¢,(€ Z*) and for all 0 = @ or B and £ = n or m,
respectively, applied equation (9).

Step 3: Using equation (13) and step 2 for all fractional orders a,, > a1 > - > a; > ay =010
evaluate ¢ (r),r € Z*.

Step 4: Forall # = 0,1, ..., N find the constant coefficients (b7 and C;). For fractional orders o = «
and B, respectively, using equation (14).

Step 5: Forall k,£ = 0,1, ..., N evaluate each element L, , using formulas in equation (12) with steps
(2,3, and 4). Finally, construct the lower triangular matrix L = [Lys]ny+1xn+1-

Step 6: Evaluate the values of kernels at each given point, fKSj{, = ij(ts, tp) forallj =0,1,...,m and
s,£=0,1,..,N.

Step 7: For all s, = 0,1, ..., N calculate each element I, using formulas in equation (15) with steps
(4 and 6). Finally, construct the matrix I = [Igp|y+1xn+1-

Step 8: Compute all elements of the column vector F at points t. by f, = f(t,), t, =a+
rh (r=0,1,..,N).

Step 9: Putting boundary conditions g,4, h1; and C; into matrices B and C to form (16).

Step 10: Construct the matrices D and E, which are represented in the system (17).

Step 11: Apply the LU-factorization method to the system which is obtained in step 10, after
multiplying both sides by DT, to compute the column-approximate values U of the exact
solution U.

4.2 Simpson’s Method:

The Simpson’s rule is a second case of (unweighted) closed-Newton-Cotes formula, which is the
most important rule for evaluating bounded integrals numerically. Here, we use parabolas to

6
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approximate each part of the curve. The given integral of integration can be divided into N -
subintervals of equal length h = (b —a)/N, N =2, and points t, =ty + rh (r =0,1,...,N) and
b =ty + Nh. If N-is even, then the numerical integration of g(t) over [a, b] by Simpson’s rule can

be written as [6,7,9,10]:
b N/2

h
[[o@dc =3 X 1ot + 4506 + a0

a
N/2 2
—h Z Z wig(taa_r) (18)
d=1+¢=0
If N-is odd, we formulated Simpson's rule as:
N-1)/2 2

[(at0ac=n D, D wigtu- e)+hZWeg(tN o a9

1
whilew; and w} are the weights for Slmpson s rule Where wy =w;s = W wi = 5 and w§ = wf = p

also, the set of points t, = a + rh (r = 0: N).
By applying the equations (18) or (19) for the number of sub-intervals even or odd, respectively, to
evaluate each integral part in equation (7) with taken formula (3) and the lemma (4), then it results in
the following classification:
e For N-is even:
First for r = 0, i.e. take t = t, = a in to equation (7) and using formula (18) with proposition

(1), we get:
Ik m-1N/2 2d-1
. ~ ~ ﬂm—'
Pnotlp = fo + E} {5‘(&2,114[; 0 z [ti2a-¢ — Tizq—o-11b," "’
j=0 d=1 £=0
2d-2
) B i
+4:K({,2d 1 (1) z [f2q-r-1 — Uza-r-2] b{; }}
m-1N/2 2d-3
~ ~ Bm—'
z z 0.2a—24 z [t2a-¢-2 — Uzq-¢-3]1D, !
j=0 d= £=0
N/2
Ah m o~ m ~ m ~
+ 3 {3 ating + 4K g 1Taq-1 + Koy olza—2) (20)
d=1

In the next step forr = 1,2, ..., N replace itbyr =r —1so7# = 0,1, ..., N — 1 also take t = t7,, into

equation (7) and also using formula (18) for integral parts and proposmon (1), we obtain:
n—1

Z P71 A7 ) z [Tr—p1 — Ure {’]ban L+ Pp i1l = frea

A m-1N/2 2d-1
. ~ ~ Bm-j
? Z { 741, ZdAB () Z [fzq-¢ — fizqg—¢-1] b, !
j:O =1 £=0
2d-2
Bm-
+47(rj+12d 1Aﬁ ) Z [T2q-¢—1 — Tza-e—2] b, ]}
=0
m 1N/2 2d-3
Aﬁ(' ) ) bﬁm_j
3 r+1 2a-24m () [fzq-r—2 — Uza—e-3] b,
j=0 d= £=0
N/2
Ah m _ m _
+ 3 {‘7(7’+1,2du2d + 4K 1,2a-1U2a-1
d=1
+ K pa-aliza-2) (21)
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were A (k) for fractional orders o = a or g and £ = n or m respectively forall k = 0: £(£ € Z*)
are defined in equation (9) and X/, = %;(t;, s,) all kernel values for all 7,p = 0: N and j = 0:m.
After some simple manipulation of linear algebraic equations (19) and (21), we construct a linear

system of equations that can be written in matrix form:

[L Ahl]ﬁ—
. -

(22)

where L = [Lisln+1xn+1 1S @ lower triangular matrix and defines each element L, for all k,¢ =
0,1, ..., N in the equations (12, 13, and 14). Moreover, the I = [Is]y+1xn+1 1S @ Square matrix of

dimension N + 1and define each element Isg foralls,#=0,1,...,N as:
\
B
Z A o)[Z wa%ly "‘]
B cPr-il p TN =1
Sg—wﬂng+ Am(]) Wd de{, £=1.N—1;
j=0
-1

n 2 AE (DKL
=0

1 ifd=N
wg =492 ifd # N and d is even
4 ifd # N and d is odd

with

Furthermore,
F =1fo i fN]T and U=1[li, U - ﬁN]T
since f, = f(t,) and 1, (r = 0:N) is the approximate value of u, = u(t,).

(23)

e For N-is odd: First, for r = 0, using the formula (19) and applying the proposition (1) into

equation (7) after putting t = t, = a, we obtain:
m-1 (N-1)/2

2d—1
5 Ah _ . _ _ B
P oty = fo + 3 z Afn(]) z {7(({,2(1 z [fi2q—¢ — T2a—e-1] b, !
j=0 d=1 £=0
2d-2
j ~ ~ Bm—j
+ 47(5,2«1—1 Z [f2q—¢-1 — U2a-e-2]b, ]}
£=0
Ahm—l (N-1)/2 2d-3
+= z Afn(j) z fK(iZd_z Z [aZd—f—Z - ﬁZd—f—s]
j=0 d=2 £=0
Ahm—l N-1
+ 7 Afn(]) {:K‘(‘)’,N [uN I 7"lN—f—l]b{im_l
j=0 £=0
N-2
~ Bm-
+ Ko n-1 Z [n-p-1 — Un-¢-2]D, ]}
£=0
(N-1)/2
Ah m s m ~ m ~
+ 3 Z {:KO,ZduZd +4Ky2q-1U2a-1 + 7(0,2(1—2”2(1—2}
T .
+— [ty

+ K&?N—laN—l]

forr=1,2,..,N, putting¥r=r—1. So,v=0,1,..., N — 1 and put t = t7,, into equation (2) and

using equation (19) for integral terms with using proposition (1), to obtain:
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Z Plr+1A (l)Z[ur £+1 — ur {’]b ot +Pnr+1ur+1
i=0

= Jr+1
Ahm_l N-1)/2 2d-1
. 1 ~ - Bm—i
T3 AL () Z {%71+1,2d Z [ti2q-¢ — Tiza—p-11b,"’
]=0 d=1 £=0
2d-2
. ~ 3 B
+ 4% 11 201 Z [toq—p-1 — Tpa—e-21b, " ]}
£=0
lhm_l (N-1)/2 2d-3
, i N - Bomi
+ 3 Z Afn(]) Z Krz+1,2d—z Z [ti2q-¢-2 — Upa—e-3]b,"
j=0 d=2 £=0
Ahm_l N-1
. ~ - . B
+ 9 Afn 6 {xr!ﬂ,zv [Tiy—r — uN—{’]bgm !
Jj=0 £=0
N-2
+ er]H N-1 Z [n—¢—1 — Un-p-2]b, m_]}
£=0
(N-1)/2
z (K1 2alizq + 4K % 20-1T2a-1 + K1 2a-2T2d-2)
d=1
+ 7 [K;r-}—l,NﬁN
+ Krzr}r1,1v—1ﬁN—1] (25)

where A9 (k) for fractional order ¢ = a or g and £ = n or m, respectively, for all k = 0: £(¢ € Z")
are defined in equation (9) and 7(,1,, = ch(tr,sp) all kernel values for each r,p = 0: N and j = 0: m.

From Linear algebraic equations (24) and (25), construct a linear system of equations which can
be written in matrix form:

Ah 1 ~
L-Si|o=F (26)
where L = [Lisln+1xn+1 1S @ lower triangular matrix and defines each element L;, for all k, ¢ =

0,1, ..., N in the equations (12-14). Moreover, the matrix I = [Igp]y+1xn+1 1S @ Square dimension and
defines each element I, for all s, £ = 0 N as:
Bm
z Wd:Kst d—- 1]]

Z A0
N

ml
Bm — 5
Isf—W€KS€+ZAB(])|:ZWd saCal f’] £=1:N-2

a=+¢

ﬁm
Iy y—q = wy—1 Ky 1+ZAB(])[ Z wqa K sd Car (1\; 1)]

Iy = wyKy + ZAB (])[WN SJN]

> 27)

with

3/2 d=N

5/2 d=N-1

4 d=+N,N—1,andd is odd
2 d#N,N—1,andd is even

Wq =
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Furthermore: F={[f, fi -~ fv]" and U=[t, @, - iy]" .More, f;=f(t;)) and
ii;(i = 0: N)are the approximate values of u; = u(t;).

Finally, from using the boundary equation in matrix form(16) and obtaining a new matrix by adding
(16) to (22) or (26) for different values of N yields:

DU =E 28)
Ah
L——1 F
where D=|_.3. and E = |-
B (N+p+1)x(N+1) Clivep+nxa

To determine the approximate column vector U, store the matrix D and compute D7D and DTE then
use the LU-factorization procedure to solve [DTD]U = [DTE]. The approximate solution for all #; at
each point t; (i = 0: N) is obtained for fractional order linear FIDEs (1).

The Algorithm (AFIFS)

The approximate solution for linear IFDEs of Fredholm type with variable coefficients by using
the closed Newton-Cotes formula (Simpson’s 1/3 h rule) with the aid of finite difference
approximation can be summarized by the following steps:

Step 1:
a. Input N € Z*, take h = (b —a)/N and t,. = a + rh.
b. Input the coefficients of the boundary conditions. g4, h1; and C; .

Step 2: To compute AS (k) for each k = 0,1, ...,#¢,(€ Z*) and for all 0 = @ or B and £ = n or m,
respectively, applied equation (9).

Step 3: Using the equation (13) and step 2 for all fractional orders a,, > ap,_1 > -+ > a; > ay; =0
to evaluate % (r),r € Z*.

Step 4: For all £ = 0,1, ..., N find the constant coefficients (b7 and C;’) for fractional orders ¢ = «
and B, respectively, using equation (14).

Step 5: For all k,# = 0,1,..., N evaluate each element L, , using formulas in equations (12) with
steps (2,3, and 4). Finally, construct the lower triangular matrix L = [Lyply+1xn+1-

Step 6: Evaluate the values of kernels at each given point, fKSj{, = ij(tS, tp) forallj =0,1,...,m and
s,£=0,1,..,N.

Step 7: For all s,# = 0,1, ..., Nevaluate each element I, using formulas in equations (23) for N-is
even and formulas in the equation (27) for N-is odd with steps (4 and 6). Finally, construct
the matrix I = [Lgp |y +1xn+1-

Step 8: Compute all elements of the column vector F at points t. by f, = f(t), t, =a+
rh (r=0,1,..,N).

Step 9: Putting boundary conditions g,1, h1; and C; into matrices B and C to form (16).
Step 10: Construct the matrices D and E represented in the system (28).

Step 11: Apply the LU-factorization method for the system, which is obtained in step 10, after
multiplying both sides by DT, to compute the column-approximate values U of the exact
solution U.

5. Numerical Performance:

The numerical section uses the L, error norm to verify the correctness and efficacy of the
proposed schemes. The suggested algorithm AFIFM produces numerical results that are compared,
and MATLAB is used to generate both the numerical and graphical results.

10
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Test example 1. Consider a higher-order linear IFDE of Fredholm type with variable coefficients for
a fractional order that lies in (0,1]:
ED27u(t) + sinh(t)u(t)
6et 6 6

~T23) t + sinh(t)(3¢* +2) - 42I'(22) 3.50(25) t*+ rG35)

1
+ 8et + f [(s2e)§DBuls) + (st® = DD u(s) + (5 )u(s)]ds
0

subjected to the boundary conditions: 1(0) + u(1) = 7, while the exact solution is: u(t) = 3t% + 2.

Set+1

Take N =10and t, =ty + rh, (r = 0:N). Since (n,m) = (1,2) and the fractional orders area, =
0.7, ap = 0and B, = 0.8, B; = 0.5, B, = 0 with boundary coefficients g,; = hy; =1andC; =7
by running the programs Main N-CTrap and Main N-CSimp, the following was obtained:
A$(0) =5.5844412044 Af(1) =1
A% (0) = 6.8719105251 A5 (1) = 35682482323 A5(2) =1
Table 1. Contain the value of HJ*(r) for each t,.(r = 0,1, ...,10) with H5(0) = 0

t, 0.1 0.2 03 0.4 0.5
HY(r) 5.6846079545 57857772070 5.888961497¢ 59951935302 6.1055365099
t, 0.6 0.7 0.8 0.9 1.0
HI(r) 62210947866 6.3430249063 6.472547186¢ 6.6109579301 6.7596423981

Table 2. Contain all values of b7 for fractions ¢ = a and g forall # = 0,1, ...,10

orders a-fractional B-fractional

) bgo bZ1 bfo b§1 b{lfz

1 1 1 1 1 1

2 1 0.2311444133 1 0.4142135623 0.1486983549
3 1 0.1592447569 1 0.3178372451 0.0970325846
4 1 0.1253273961 1 0.2679491924 0.0737769711
5 1 0.1049400301 1 0.2360679774 0.0602217506
6 1 0.0911132627 1 0.2134217652 0.0512394196
7 1 0.0810201031 1 0.1962615682 0.0448040804
8 1 0.0732760205 1 0.1826758136 0.0399434049
9 1 0.0671160618 1 0.1715728752 0.0361290074
10 1 0.0620802700 1 0.1622776601 0.0330476185

Table 3. Contain all values of C; for fractions 0 = @ and g forall # = 0,1, ...,10

orders a-fractional B-fractional

e C g cho ch Cy?

1 1 1 1 1 1

2 0 —0.7688555866 0 —0.5857864376 —0.8513016450
3 0 —0.0718996563 0 —0.0963763171 —0.0516657703
4 0 —0.0339173607 0 —0.0498880527 —0.0232556134
5 0 —0.0203873660 0 —0.0318812149 —0.0135552204
6 0 —0.0138267674 0 —0.0226462122 —0.0089823310
7 0 —0.0100931596 0 —0.0171601970 —0.0064353391
8 0 —0.0077440825 0 —0.0135857545 —0.0048606755
9 0 —0.0061599586 0 —0.0111029384 —0.0038143975
10 0 —0.0050357918 0 —0.0092952150 —0.0030813888

11
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The matrices L and I in the methods (Trapezoidal and Simpson), which are formed as in equations

(3.9 for L-matrix) and (3.12, 3.20, 3.24, and 3.34 for I-matrix), running programs to obtain:
r 0 0 0 0 0 0 0 0

0
0
0
0

0
6.2210
—4.2936  6.3430

Soocococo

—0.4015 -—4.2936 6.4725

0.1138 —0.1894 —0.4015
0.0772 -0.1138 -—0.1894

0 0
—5.5844  5.6846 0 0 0 0
—1.2908 —4.2936 5.7857 0 0 0
—0.8892 —0.4015 —4.2936 5.8889 0 0
—0.6998 —0.1894 —0.4015 —4.2936 5.9951 0

L=|-05860 -01138 —0.1894 —0.4015 —42936 6.1055
—0.5088 —0.0772 —0.1138 —0.1894 —0.4015 —4.2936
—0.4524 —0.0563 —0.0772 —0.1138 —0.1894 —0.4015
—0.4092 —0.0432 —0.0563 —0.0772 —0.1138 —0.1894
—0.3748 —0.0343 —0.0432 —0.0563 —0.0772 —
[-0.3466 —0.0281 —0.0343 —0.0432 —0.0563 —

r1.0372  0.0166 0.0108 0.0072 0.006 0.0076
1.0265 0.0241 0.0182 0.0148 0.0141 0.0168
1.0070 0.0316 0.0257 0.0227 0.0229 0.0270
0.9784 0.0390 0.0333 0.0309 0.0323 0.0383
0.9409 0.0465 0.0412 0.0397 0.0426 0.0508
Itrap =[0.8942 0.0541 0.0494 0.0490 0.0537 0.0646
0.8382 0.0621 0.0581 0.0591 0.0658 0.0799
0.7729 0.0706 0.0674 0.0699 0.0791 0.0968
0.6982 0.0796 0.0775 0.0817 0.0937 0.1154
0.6138 0.0893 0.0884 0.0947 0.1098 0.1361
0.5197 0.1  0.1004 0.1090 0.1276 0.1589
1332904 —3.5352 3.7650 —2.3579 1.6365 0.1656
329114 —3.1558 3.7657 —18123 1.4405 1.0349
32.2550 —2.7500 3.7213 —1.1906 1.1715 2.0504
31.3186 —23135 3.6320 —0.4868 0.8274 3.2214
30.0991 —1.8416 3.4982 03055 04063 4.5581

Iimp =|28.5920 —1.3292 33200 1.1938 —0.0940 6.0720
26.7963 —0.7703 3.0980 2.1860 —0.6762 7.7755
247051 —0.1587 2.8326 3.2909 —1.3430 9.6825
223146 05127 25241 45182 —2.0974 11.8084
19.6199 12517 2.1731 58788 —2.9430 14.1700
L 16.6152 2.0670 1.7801 7.3847 —3.8833 16.7862

0.0126 0.0224 0.0401
0.0236 0.0362 0.0589
0.0361 0.0522 0.0811
0.0502 0.0706 0.1070
0.0661 0.0917 0.1369
0.0839 0.1154 0.1709
0.1037 0.1421 0.2093
0.1258 0.1720 0.2525
0.1503 0.2053 0.3006
0.1775 0.2423 0.3542
0.2075 0.2832 0.4136

—1.2014 4.1867 —4.
—1.6445 5.5774 5.
—2.1887 7.2135 -5.
—2.8385 9.1097 —6.8090 24.2235
—3.5991 11.2825 -—7.8208 28.7034
—4.4760 13.7498 —8.9663 33.7905

—9.2808 26.9981 -1
—10.8462 31.2838 —17.0698

From the boundary condition equation, the matrix form is computed as:
[B;C]=[10000000001;7]

Substituting the above matrices for the fundamental equation, the augmented matrix is obtained based
on the condition, which is:

[D; E]Trap

[—1.0372 —0.0166
—6.6110 5.6604
—2.2978 —4.3252
—1.8677 —0.4405
—1.6408 —0.2359
—1.4802 —0.1680
—1.3470 -0.1394
—1.2254 —-0.1269
—-1.1074 —0.1228
—0.9886 —0.1237
—0.8664 —0.1282
L 1 0

[D; E]Simp

[—1.1096 0.1178
—6.6814 5.7898
—2.3659 —4.2019
—1.9332 -0.3244
—-1.7031 -0.1280
—1.5391 -0.0695
—1.4020 -0.0515
—-1.2759 -0.0510
—1.1530 -0.0603
—1.0288 -0.0761
—0.9005 -0.0970

1 0

—0.0108
—0.0182

5.7600
—4.3270
—0.4427
—0.2389
—0.1720
—0.1447
—0.1338
—0.1316
—0.1348

0

—0.1255
—0.1255
5.6617
—4.4146
—0.5181
—0.3000
-0.2171
—0.1716
—0.1405
—0.1156
—0.0937
0

—0.0072
—0.0148
—0.0227

5.8579
—4.3333
—0.4505
—0.2485
—0.1838
—0.1590
—0.1511
—0.1522

0

0.0785
0.0604
0.0396
5.9051
—4.3038
—0.4413
—0.2622
—0.2235
—0.2278

—0.0060
—0.0141
—0.0229
—0.0323
5.9525
—4.3473
—0.4673
—0.2685
—0.2076
—0.1870
—0.1839
0

—0.0545
—0.0480
—0.0390
—0.0275
5.9816
—4.2904
—0.3789
—0.1446
—0.0439

—0.2523 0.0208
—0.2894 0.0730

0

0

—0.0076
—0.0168
—0.0270
—0.0383
—0.0508
6.0408
—4.3735
—0.4983
—0.3049
—0.2499
—0.2361
0

—0.0055
—0.0344
—0.0683
—0.1073
—0.1519
5.9031
—4.5528
—0.7242
—0.5830
—0.5861
—0.6367
0

oo ooco o

OO CoocoSo O

—4.2936 6.6109

—0.4015

4938
1529
9223

—5.4754 16.5318 —10.2550
—6.6042 19.6505 —11.6974
—7.8698 23.1303 —13.3053

5.0913

0.2577
0.3135
0.3793
0.4557
0.5433
0.6428
0.7551
0.8810
1.0215
1.1777
1.3508

14.0705
16.9392
20.3133

39.5258
45.9551
53.1286
61.1019
69.9366

cooo@PoOoSCocooo

0.30107

0.3533

0.4143
0.4849

0.5654

0.6567
0.7595

0.8746
1.0029
1.1455

1.3034

6.0219 1
7.0662
8.2879
9.6982
11.3095
13.1353
15.1907
17.4924
20.0587
22.9100

—4.2936 6.75961411

11x11

26.0688-

11x11

—0.0126 —0.0224 —0.0401 —0.2577 —0.3010 ; —5.0825]
—0.0236 —0.0362 —0.0589 —0.3135 —0.3533 ; —5.3588
—0.0361 —0.0522 —0.0811 —0.3793 —0.4143 ; —5.5977
—0.0502 —0.0706 —0.1070 —0.4557 —0.4849 ; —5.8421
—0.0661 —0.0917 —0.1369 —0.5433 —0.5654 ; —6.0952
—0.0839 —0.1154 —0.1709 —0.6428 —0.6567 ; —6.3517
6.1173 —0.1421 —0.2093 —0.7551 —0.7595 ; —6.6014
—44194 6.1709 —0.2525 —0.8810 —0.8746 ; —6.8303
—0.5518 —4.4989 6.1718 —1.0215 -1.0029 ; —7.0203
—0.3669 —0.6438 —4.6479 54332 —1.1455 . —7.1490
—0.3214 —0.4726 —0.8151 —5.6444 54562 ; —7.1889
0 0 0 0 1 ; 7]
0.0400 —0.1395 0.1497 —0.4690 —0.2007 ; —5.0825]
0.0548 —0.1859 0.1717 -0.5646 —0.2355 ; —5.3588
0.0729 —0.2404 0.1974 —0.6771 —0.2762 ; —5.5977
0.0946 —0.3036 0.2269 —0.8074 —0.3232 ; —5.8421
0.1199 —0.3760 0.2606 —0.9567 —0.3769 ; —6.0952
0.1492 —0.4583 0.2988 —1.1263 —0.4378 ; —6.3517
6.4036 —0.5510 0.3418 —1.3175 —0.5063 ; —6.6014
—4.0734 5.6880 03899 -1.5318 -0.5830 ; —6.8303
—0.1391 —5.0646 69160 —1.7709 —0.6686 ; —7.0203
0.1199 -1.3014 -3.7905 4.5742 —0.7636 ; —7.1490
0.2476 —12322 0.1674 —6.6248 5.8906 ; —7.1889
0 0 0 0 1 ; 7]
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solving the three systems above, by a procedure that [DT D; DT E], the approximate solutions % (t) are
obtained. Table 4 shows a comparison between the exact solution u(t) and approximate solutions
% (t) for both methods, depending on the least square error and running time.

Table 4. Numerical results for different values of t and comparison between methods

Exact Approximate Solution and Absolute Errors

t Solutio Trapezoidal Trap. Absolute . Simp. Absolute
' n M%thod pError Simpson Method pError

0 2 1.9247264228 0.075273577 1.9695561787 0.030443821
0.1 2.03 1.9709652084 0.059034792 2.0125419097 0.01745809
0.2 2.12 2.0763138666 0.043686133 2.1131947559 0.006805244
0.3 2.27 2.2416391970 0.028360803 2.2722603624 0.0022603624
0.4 2.48 2.4671462581 0.012853742 2.4902016222 0.010201622
0.5 2.75 2.7528411826 0.0028411827 2.7670192724 0.017019272
0.6 3.08 3.0986472401 0.01864724 3.1029149354 0.022914935
0.7 3.47 3.5044460741 0.034446074 3.4978462512 0.027846251
0.8 3.92 3.9700966058 0.050096606 3.9519418411 0.031941841
0.9 443 4.4954462045 0.065446205 4.4652026508 0.035202651
1 5 5.0803238017 0.080323802 5.0376880152 0.037688015

L.S.E. 2.681636 x 1072 6.657162 x 1073

R.Time/Sec 0.773492 6.73552

Approximate Solution u(t) at N = 10 by Trap. Method Approximate Solution u(t) at N = 10 by Simp. Method

55

5.5

Exact Solution(Line) Exact Solution(Line)
=——©— Approximate Solution | & 5 =—©— Approximate Solution | @

u(t) and uN(t)
u(t) and uN(t)

1.5 - - - - - L t L . t - 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 t

t

Fig. 1. For example, 1 with a step size of h = 0.1, the approximate solutions are shown by bullets,
while the precise solution is shown by a solid line.

Absolut Error at N = 10 for Simp. Method

Absolut Error at N = 10 for Trap. Method 0.04 ¢

Absoulte Error

=4
o
@

(t.)| Error for u(t) at points t,

|u(t‘)-uN(ti)| Error for u(t) at points t
N

u
o
o
S
a

Jut

L L L n L L L L L J ol L L L L L L n L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

t
Fig. 2. Absolute error plot function |u(t) — uy(t)| For N = 10, h = 0.1, for example 1.

Table 5. Shows the running times and least square errors for the suggested quadrature techniques,
with varying step size h values.

h 0.1 0.02 0.01
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R.Time R.Time R.Time
Methods L.S.E. /Sec L.S.E. /Sec L.S.E. /Sec
2.681636 5.058864 1.246178
Trap. Method % 10-92 0.773492 % 1004 5.540379 % 10-0 19.32022
. 6.657162 3.614007 1.111846
Simp. Method % 1003 6.73552 % 10-04 544.96858 % 1004 4290.0595
Test example 2. Consider a higher-order linear FIFDE with variable coefficients:
SDZeu(t) — t2§Dfu(t) + sin()u(t) = £(©)
— t3—2a _ 6 t2—2a’ — 12 ts—a + 6 t4—a
4 -2a) I3 -2a) 4 —a r3—a
24 12 3 1
+ (2t3 — 3t + Dsin(t) — [ - +—t*— =
G-prE-p @G-pre-p 20 2

1
+ f [Zst2 6Dfu(s) +(1+ stz)u(s)] ds
0

with the boundary conditions: if 0 < @« < 0.5and 0 < g < 1 then: u(0) + u(1) = 1, while the exact
solutionis u(t) = 2t3 — 3t% + 1.

fora =02and f =0.5Take N=10and t, = 0:0.1:1 forr =0,1,2...N.Heren = 2,m = 1, and
by running the programs, we obtain:

A%(0) = 2.8112403816, A5(1) = 1.7016542931, A5(22) =1
A% (0) = 35682482323, A¥(1) =1

Table 6 contains all values of H{(r) for each t, = 0(0.1)1 for r =1:10 with HF(0) = 0.
Moreover, Table 7 shows a comparison between the exact solution and numerical solutions of
Trapezoidal and Simpson Methods for u(t) depending on the least square error and running time for
running the MATLAB programs for different values of N, i.e., different step sizes h as shown below.

Table 6. The values of F5*(r) for each t,.(r = 1: 10) with #5*(0) = 0

t, 0.1 0.2 0.3 0.4 0.5
HS(r) 2.8940572553  2.9418435406 2.9536117018 2.9283940370 2.8652523469

t, 0.6 0.7 0.8 0.9 1.0
HG(r) 2.7632873094 2.6216474652  2.4395377248  2.2162273137 1.9510570732

Table 7. Numerical results for different values of t and comparison between methods
Approximate Solution and Absolute Errors

t, Sslﬁfén Trapezoidal Trap. Absolute Simpson Simp. Absolute
Method Error Method Error
0 1 1.0128515271 0.012851527 0.01354288 1.0135428804
0.1 0.972 0.9776809241 0.0056809241 0.0064876144 0.9784876143
0.2 0.896 0.8986620799 0.00266208 0.0034831238 0.8994831238
0.3 0.784 0.7851674849 0.0011674849 0.0019527299 0.7859527299
0.4 0.648 0.6483087225 0.00030872255 0.0010279319 0.6490279319
0.5 0.5 0.4996302203 0.00036977962 0.00024447994  0.5002444799
0.6 0.352 0.3508188633 0.0011811366  0.00069929574  0.3513007042
0.7 0.216 0.2135916114 0.0024083885 0.0021117216 0.2138882783
0.8 0.104 0.0996167036 0.0043832963 0.0043146937 0.0996853063
0.9 0.028 0.0204121447 0.0075878553 0.007844095 0.0201559050
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1 0 —0.0128012553 0.012801255 0.013521447 —0.0135214467
L.S.E. 4539727 x 107%4 5.104847 x 10~%
R.Time/Sec 1.189265 4.275868
12 ApProxirpate §oluti9n u(t)‘at N =‘ 10 by Trap‘. Method 12 Ap;y:roxiny\ate Syolutio'n u(t) vat N =' 10 byl Sim;?. Metl:lod
' Exact Solution(Line) . = Exact Solution(Line)
1 =—©— Approximate Solution 1 16 =—©— Approximate Solution ]
0.8 08
:Z 06 fz 06
E; 041 E 04l
02f : 02Ff
or ol
_0'20 0.‘1 o.‘z 013 o.‘4 0.‘5 0.‘6 0.‘7 o.‘s 019 1 02

0 01 02 03 04 05 06 07 08 09 1
t

Figure 3. For example, 2 with a step size of h = 0.1, the approximate solutions are shown by
bullets, while the precise solution is shown by a solid line.

t

Absolut Error at N = 10 for Trap. Method

T
Absoulte Error

Absolut Error at N = 10 for Simp. Method

T
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0.014
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.)—uN(ti)| Error for u(t) at points t.

0.002 -

0.002

|u(ti)-uN(ti)| Error for u(t) at points t,
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Figure 4. Absolute error plot function |u(t) — uy (t)| For N = 10, h = 0.1, for example 2.

Table 8. Shows the running times and least square errors for the suggested quadrature technique,
with varying step size h values.

h 0.1 0.02 0.01
R.Time R.Time R.Time
Methods L.S.E. /Sec L.S.E. /Sec L.S.E. /Sec
4539727 1.202408 3.006153
Trap. M. % 10-04 1.176075 % 10~ 14.596982 % 1006 54.893073
. 5.104847 1.375432 3.344898
Simp. M. % 10-04 4.238554 % 10-05 301.97256 % 10-06 2261.5876

Test example 3. Consider a multi-fractional order linear IFDE with variable coefficients on the closed,
bounded interval [a, b]; a, b € R:
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ED u(t) + t2u(t)

= t2 _ {2pt-a
N[ @Rt Asing) (b — @) Pt A — @) A
frans £ [Tk —a; +2) Tk —p, +3) T(k— By +3)

/{(b _ a)k—ﬁ1+4
TR T k-Ft2)

b
+ Af [sin(t) gDSBZu(s) +({t—-(s— a)z)nglu(s)]ds

For all ay,B,, B, are real fractional order lies in (0,1] with boundary condition
eP~@ — 1 and 1 € R. While the exact solutionis u(t) =1 —et™%.

u(a) —u(b) =

Here, the proposed finite difference quadrature-midpoint method is used to obtain its numerical

computation on the bounded interval [a,b] = [1,2].

Values of the approximate solution by

Trapezoidal and Simpson methods for the mentioned equation with different fractional orders
a4, B, and B, found by taking N = 10 and number of Mittag-Leffler terms M = 2 and 4. Tables 9

and 10 illustrate a comparison between the approximate and exact solutions for N = 10,1 = % and

fractional orders (a4, B2, B1) = (0.6,0.4,0.3), while the error profile is depicted in figures 5,6, which
present a comparison of absolute errors and approximate solutions for the two methods. Also, the
results, least square error, and the required time for running the programs for different values, i.e.,

different step sizes h, are presented in Tables 11 and 12.

Table 9. Numerical results for different values of M = 2 and 4 on the interval [1,2].

Trapezoidal method, for example 3
with N = 10,4 = 5, and (ay, 2, f1) = (0.6,0.4,0.3)

¢ Exact

r solution ForM =2 ForM =4

Approx!mate Absolute Approx!mate Absolute Error
Solution Error Solution
1.0 0.0 0.0022302783 0.0022302783 0.0014128639 0.0014128639
1.1 —-0.10517092 —0.10614536 0.00097443754 —0.10502418 0.00014674089
1.2 —0.22140276 —0.22434832  0.0029455651 —0.22216879  0.00076603108
1.3 —0.34985881 —0.35402527 0.004166462 —0.3513508 0.0014919909
1.4 —0.4918247 —0.49650258 0.0046778831 —0.49391671 0.0020920137
1.5 —0.64872127 —0.65312464 0.0044033737 —0.65131424 0.0025929698
1.6 —0.8221188 —0.82534904 0.0032302406 —0.82512463 0.0030058298
1.7 —1.0137527 —1.0147931 0.0010403721 —1.0170834 0.0033306683
1.8 —1.2255409 —1.2232654 0.0022755591 —1.2290984 0.0035574413
1.9 —1.4596031 —1.452795 0.0068081387 —1.4632668 0.0036636457
2.0 -1.7182818 —1.7056877 0.012594132 —1.7218792 0.0035973981
L.S.E. 2.94889633383 x 107%* 7.50778975764 x 10795
R.Time/Sec 0.8954315 0.9111462

Table 10. Numerical results for different values of M = 2 and 4 on the interval [1,2].

Simpson method, for example 3

with N = 10,4 = 2, and (ay, 2, f1) = (0.6,0.4,0.3)

o o =2 ok =
Approximat Absolute Appl’tOXIm Absolute
e solution error ate error
solution
1.0 0.0 —0.0000086986¢ 0.00000869868 —0.0007535077 0.00075350779
1.1 -0.10517092 —-0.10841569 0.0032447702 —0.1072408 0.0020698865
1.2 —-0.22140276 —-0.22656374 0.0051609772 —0.22431554 0.0029127854



Finite Difference Approximation ...

J. Basrah Res. (Sci.) 51(2), 1 (2025).

1.3 —0.34985881 —0.35610609 0.0062472821 —0.35338179 0.003522985
1.4 —-0.4918247 —0.49844337 0.0066186746 —0.4957964 0.0039717069
1.5 —0.64872127 —0.65489312 0.0061718519 —0.65303787 0.0043165991
1.6 —0.8221188 —0.82696248 0.0048436798 —0.82668526 0.004566462
1.7 —1.0137527 —1.0162421 0.0024893462 —1.0184926 0.004739855
1.8 —1.2255409 —1.2245742 0.00096675685 —1.2303625 0.0048215412
1.9 -—1.4596031 —1.4539671 0.0056360568 —1.4644037 0.0048005402
2.0 -—1.7182818 —1.7067516 0.011530188 —1.7229073 0.0046254751
L.S.E. 3.53394505666 x 107%* 1.71161696191 x 107%4
R.Time/Sec 2.4475037 24938223
02 ApFroxin‘1ateS‘qutio‘n u(t)yatN=‘10 byTrapy. Meu?od 00 Ap;‘)roxirr‘lates‘olutio‘n u(t)‘atN=‘10 bySim?. Metrlod
= Exact Solution(Line) = Exact Solution(Line)
06 =—©— Approximate Solution | | 02+ =—©— Approximate Solution | -
02+ 04
04
— . -06f
= o6t =
=] S -08f
2 s 2
© © 4L
S S
> ol 2 a2t
141 14
161 16 1
D

Figure 5. The exact solution (shown by a solid line) and the approximate solutions (shown b
bullets) for example 3 with a step size of h = 0.1 and M = 4.
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Figure 6. Absolute error plot function |u(t) — uy(t)| for N = 10,h = 0.1 and M = 4 fo
example 3.

Table 11. LSEs of approximate solution by Trapezoidal method for various values of
fractional orders and eigenvalues A when M = 4 in example 3 on the interval [a, b] =

[1,2].
Fractional
orders: (0.8,0.5,0.3) (0.5,0.3,0 (0.2,0.3,0.1)
(ay,B2,81)
Eigenvalues: 1 6/5 1/5 6/5 1/5 6/5 1/5

17



D. C. Zahir, S. S. Ahmed.

LS E 7.794545 1.2683819 4.27680 8.1401588 9.3227264 2.0319866
N T %1079 x 1079 x 1079 x 10795 x 10705 x 10706
=10 R.Time

ISec 0.983350 0.9028357 0.95748 0.9434983 0.9339204 0.9415094

LS E 4.892593 2.8815882 1.83678 5.2718987 1.4629413 2.6679147
N T %1079 x 1079 x107%  x 10797 x 10797 x 10797
=50 fézme 9.175369 9.144518 9.12176 10.353755 10.177932 10.283534

LS E 1.329773 4.1747311 9.28155 3.5738073 3.2859089 2.6169685
N T %1079 x107%  x 10797 x 10797 x 10797 x 10797
=100 %Zéme 35.97653 33.006919 33.3140 33.202534 35.474032 33.022882

Table 12. LSEs of approximate solution by Simpson method for various values of fractional
orders and eigenvalues A when M = 4 in example 3 on the interval [a, b] = [1,2].

Fractional orders:

0.8,0.5,0.3 0.5,0.3,0.1 0.2,0.3,0.1
(ay, By, B1) ( ) ( ) ( )
Eigenvalues: A 6/5 1/5 6/5 1/5 6/5 1/5
s p 14760476 14705611 1.0912289 1.0691410 19225015 4.1497246
Ne1o T X107 X107 X107 x 107 x 1079 x 1077
= R.Time o, 00, 2571262 2581648 2566120 2557908  2.661513
/Sec ' 7 9 9 6 6
g p 63393839 31132111 28367448 6.1593748 21160329 22710878
N =50 T %1079 x 10795 x 107% % 10797 x 10797 % 10797
%Zéme 161.82672 163.09490 160.04967 164.70403 156.09650 156.60117
L p 15846702 44595419 11116152 3.5224767 41910725 25060134
N = 100 ET %1079 x107%  x107% x 10797 x 10797  x 10797
%Zéme 1180.1969 1184.0819 1172.5111 1190.9019 1187.7246 1176.2318

6. Conclusion:

This research uses a forward finite difference method for the Caputo derivative and
introduces two numerical algorithms - the Trapezoidal and Simpson methods - to solve multi-
fractional order IDEs of the Fredholm type with changing coefficients for the first time. First,
we demonstrate that IFDEs (1)—(2) are equivalent to linear algebraic systems in matrix forms
(22) for the Simpson technique with a vector of boundary conditions (16) or in matrix forms
(11) for the Trapezoidal method. After that, we solve it using any numerical rule, which gives
us a solution to our problem (1-2). This is why the computer programs and unique algorithms
were created. Furthermore, we solved several examples related to the proposed equations
using numerical techniques. The numerical findings created an exceptional absolute
inaccuracy among the numerical approaches used in the literature. The tabular representations
of the running time and least square error for the accuracy and speed comparison lead to the
following conclusions:

1. With equal step sizes, the AFIFS and AFIFT algorithms give better accuracy in running
test examples.

2. The accuracy of the results is influenced by both the process and the step length h; that is,
when h is reduced, the accuracy rises, increasing the number of partitions N.
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3. To minimize the error terms on the specified domain, we need to increase the value of N,
and only a few numbers of M (in the stale example 3) can be used for numerical purposes
with a high degree of accuracy, see all the tables.
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