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1. Introduction

Symmetric group S,, has a representation group S, with a central Z = {—1,1} such that
S,/ Z = S,. The representations which do not have Z in their kernel are called the spin
representations of S,, for more information, see [1]. The spin characters of the spin representations
of S,, are labeled by the distinct parts of the partitions of n which are called bar partitions of n and
denoted by (a). Infact, if @ = (aq, ay,..., a,,) is partition of n and n — m is even, then there is one
irreducible spin character denoted by {(a)* which is self-associate(double), and if n — m is odd, then
there are two associate spin characters denoted by (a) and (a)’ see [2]. The decomposition matrix for
the spin characters is constructed from the relationships between the irreducible spin characters and
the irreducible modular spin characters of the symmetric group; the number of rows and columns
corresponds to the number of projective characters and (p, a)-regular classes, respectively [3]. In this
study, we found the decomposition matrix of spin characters for S,, modulo p = 7. The distribution
of the spin characters into p-blocks is accomplished using the (r, ¥)-inducing (restricting) approach
[3] [4]- Numerous people conduct research on this subject, have contributed to this field of study [5,
6, 7, 8,9, 10]. Before we declare any results, let's define certain notations and terminologies. "p.s." is
the principal spin character ("p.i.s." indecomposable), "m.s." is means modular spin character
("i.m.s." irreducible), "d;" is p.i.s. of S, "D;" is p.i.s. of S,_, and " )™°" is the number of i.m.s.
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2. Preliminaries

For the study, some important conclusions were needed.

Theorem 2.1. [7] Any modular (ordinary) character of group G can be written as a linear
combination, with non-negative integer coefficients, of the irreducible modular (ordinary) characters
of G .

Theorem 2.2. [1] The degree of the spin character (a) = (ay, ..., @) IS

() (@) = 2172 /T () (Tasicjem(@i — ;) /(@ + @) ).

Theorem 2.3. [8] Given that b is the number of p-conjugate characters to the irreducible
ordinary character y of G and that B is an ablock of defect one, then:
a.There exists a positive integer number N such that the irreducible ordinary characters lying in the

block B can be partitioned into two disjoint classes:

Bi={y € B |bdegx = N mod p“}, B,={y € B |bdegx = —N mod p?}
b. The block B's decomposition matrix has coefficients that are either 1 or 0.

Theorem 2.4. [9] Let G be a group of order |G| = m,p® , where (p,m,) =0. If cis a
principal character of sub group H of G, then deg c = 0 mod p“.

Theorem 2.5. [2] Let p be odd and n be even, then if p t n, then (n) = @(n) and (n)’ =
@(n)" are distinct irreducible modular spin characters.

3. Matrix of Decomposition for the Spin Characters

The decomposition matrix for S,, of degree (183,123), and it is decomposed in to blocks by the
p-core of character it consists of 20 blocks which B;, B,, are defect three, B, B, are defect two,
Bs , Bs, B, , Bg are defect one, and the remaining blocks are defects zero, decomposition matrix is
equal to B;®B,®... DB,

Lemma 3.1. Decomposition matrix for the block B, of type double as shown in the Tables 1.
Table 1. Block B,

Spin
charact Decomposition matrix
ers
(23,1)*
(22,2)*
(21,2,1)
(18,3,2,1)*
(17,4,2,1)
(16,8)*
(16,7,1)
(16,5,2,1)
(16,4,3,1)*
(15,9)
(15,7,2)
(15,6,2,1)*
(15,4,3,2)*
(14,9,1)
(14,8,2)
(14,7,2,1)*
(14,4,3,2,1)
(13,8,2,1)*
(12,9,2,1)*
(11,10,2,1)
(11,9,3,1)*
(11,8,3,2)*
(11,7,3,2,1)
(10,9,4,1)*
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(10,8,4,2)"
(10,7,4,2,1)

(9,8,7)
(9,8,6,1)"
(9,8,5,2)"
(9,8,4,3)"
(9,7,5,2,1)
(9,7,4,3,1)
(9,5/4,3,2,1
(8,7,6,2,1)
(8,7,4,3,2)
(8,6,4,3,2,1

d4-5 d4-6 d4-7 d4-8 d4—9 d50 d51 d52 d53 d54— d55 d56 d57 d58 d59 d60 d61 d62 d63 d64 d65 d66

Proof: Using (2,6)-inducing of p.i.s. method on D,5 in S,, we have
Dy 1OV S, = (22,1) +(15,8) + 2(15,7,1)* + 2(14,8,1)* + 2(12,8,2,1) + 2(9,8,5,1) 1@V §,,
= (23,1)" 4+ (22,2)" + (16,8)* + (15,9)* + 2(16,7,1) + 2(16,7,1)" + 2(15,7,2) +
2(15,7,2)" + 2(14,9,1) + 2(14,9,1)" + 2(14,8,2) + 2(14,8,2)' + 2(13,8,2,1)* +
2(12,9,2,1)" + 2(9,8,6,1)* + 2(9,8,5,2)"
= ky
Similarly, using (r,7)-inducing of p.i.s. D,, D3, D4, Ds, D55, D7, D2g, D19, Do, D11, D12, D13, D14, D15,
D33, Dg7, D35, D1g, D37, D20, Dy, Doy OF Sp3 10 S5, We get oN ky, K, ..., Kqg, €1, ka1, k1, €2, kq3,
kq4, ..., ko4 respectively. Then we get the representation matrix in Table 2.

Table 2. Aproximation matrix for B,

(23,1)
(22,2)
(21,2,1)
(18,3,2,1)°
(17,4,2,1)
(16,8)"
(16,7,1)
(16,5,2,1)°
(16,4,3,1)
(15,9)*
(15,7,2)
(15,6,2,1)°
(15,4,3,2)°
(14,9,1)
(14,8,2)
(14,7,2,1)°
(14,4,3,2,1
(13,8,2,1)°
(12,9,2,1)°
(11,10,2,1
(11,9,3,1)°
(11,8,3,2)
(11,7,3,2,1
(10,9,4,1)°
(10,8,4,2)°
(10,7,4,2,1
(9,8,7)
(9,8,6,1)"
(9,8,5,2)"
(9,8,4,3)"
(9,7,5,2,1)
(9,7,4,3,1)
(9,5,4,3,2,
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(8,7,6,2,1)
(8,7,4,3,2)
(8,6,4,3,2,
ki ko ks ks ks ke k; kg ko kig ¢ kyy kip C; ki Kig kis kig Ki7 Kig Kqo kpo Koy

Since kqg + c; = kqy + ¢y then kg € ¢, OF, kig C cy.

Casel: If ki4 c cy thency, — kyy = dg7 and ds; + kqp = ¢;.

Case2:If k1 € ¢y then ¢y — kg = dsy and, ds; + k14 = 5.

Therefore, in both instances, we delete c; and replace c, with ds.

Case3: k4 & k5 . To prove this, suppose the opposite.

(ks — kg) Y1,0) S23 = ((21,2,1) +(21,2,1) +(16,7,1) + (16,7,1) + (16,5,2,1)" + (14,8,2) +
(14,8,2)" +(13,8,2,1)" +(12,9,2,1)* + (9,8,7) + (9,8,7)' +(9,8,6,1)") 1(1,0) S23 = 2(20,2,1)" +
(21,2) + (21,2)" + 2(15,7,1)* + 2(16,6,1)* + (16,7) + (16,7)" + (15,5,2,1) + (15,5,2,1) +
(16,4,2,1) + (16,4,2,1)' + (16,5,2)* + 2(13,8,2)* + 2(14,7,2)* + 2(14,8,1)* 4+ (12,8,2,1) +
(12,8,2,1)" +(13,7,2,1) + (13,7,2,1)' +(13,8,2)* +(11,9,2,1) + (11,9,2,1)' +(12,8,2,1) +
(12,8,2,1)" 4+ (12,9,2)* + 2(9,8,6)* + (9,7,6,1) + (9,7,6,1)' + (9,8,5,1) +(9,8,5,1) + (9,8,6)* =
Dy + D3 — Dy + Dy7 4 Dag + D33 + D34 — D35 — D36 + Dgs + Dog

is not p.s. for S,5 ( controduction with Theorem 2.1) then k, & k5. The similar approach, we
demonstrate that kg & kq, k1 & K14, k17 & kq3 and ky; & ds;. Since (ky — k¢) d(62) S23, (k14 —
ki6) L(1,0) S23: (k13 — k17) L(1,0) S23. (dsy — k17) L(6,2) S23 are not p.s. Consequently, Table 2's
approximation matrix equals Table 1. Afterward, delete c¢; and swap out c, with ds.

Lemma 3.2. The decomposition matrix for the block B5 of type double as shown in Table 3.
Table 3. Block B;

spin characters Decomposition matrix

(20,4) 1

(18,6)" 1 1

(14,6,4) 1 1

(13,11)* 1 1

(13,7,4) 1 1 1 1 1
(13,6,4,1)* 1 1 1
(13,5,4,2)* 1
(12,6,4,2)* 1 1 1

(11,7,6) 1 1 1 1
(11,6,5,2)* 2 1 1 1 1
(11,6,4,3)* 1 1
(9,6,5,4)" 2 2 1
(7,6,5,4,2) 1

Proof:. By used (4,4)-inducing of p.i.S. D41, D43, D45, D47, Dyo, D51, D53, Dss, Ds7 Of S5 10 Soy.
Then we get the approximation matrix in Table 4.
Table 4. Approximate matrix B

(20,4)" 1
(18,6)"
(14,6,4)
(13,11)*
(13,7,4) 1
(13,6,4,1)* 1 1 1
(13,5,4,2) 1
(12,6,4,2)" 1 1 1
(11,7,6) 1 1 1 1
(11,6,5,2)" 2 1 1 1 1
(11,6,4,3)" 1 1
(9,6,5,4)" 2 2 1

[E=N
Y
=
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(7,6,5,4,2) 1

Now on (7, a)-regular classes we have:

(14,6,4) = (14,6,4)'

(13,7,4) = (13,7,4)’

(11,7,6) = (11,7,6)’

(7,6,5,4,2) = (7,6,5,4,2)'

(13,6,4,1)* = (13,5,4,2)* + (13,7,4) — (13,11)* — (20,4)"

(11,6,5,2)* = (11,6,4,3)* + (11,7,6) + (13,11)* — (18,6)*

(9,6,5,4)* = (11,6,4,3)" + 2(7,6,5,4,2) — (12,6,4,2)* + (13,6,4,1)* — 2(13,11) — (14,6,4) + 3(8,6)* —
3(20,4)

8. (11,7,6) =(7,6,54,2) + (13,7,4) — (14,6,4)

Since the number of i.m.s is equal to or fewer than the number of spin characters, Table 4 can only
have a maximum of 17 columns. However, Table 4 only has a maximum of 9 columns because it has
8 equations that correspond to the spin characters of S,, in B;. And because k; — k; isnot p.s. to Sy,

V1<i<j<9 andky,k,, kg are linearly independent. Table 4 therefore equals Table 3.

NougmrwhPRE

Lemma 3.3. The decomposition matrix for the block B, of type associate as shown in the Tables 5.
Table 5. Block B,

Spin

characters

(19,4,1)

(19,4,1)' 1

(18,5,1) 1
(18,5,1)' 1

(15,5,4) 1 1
(15,5,4) 1
(14,5,4,1)* 1 1 1

(12,11,1) 1

(12,11,1)’ 1 1

(12,84) 1 1 1 1

(12,8,4) 1 1 1 1

(12,7,4,1)* 1 1 1 1 1 1
(12,5,4,2,1) 1
(12,5,4,2,1) 1 1

(11,8,5) 1 1
(11,8,5) 1 1

(11,7,5,1)* 1 1 1 1 1 1
(11,5,4,3,1) 1 1
(11,5,4,3,1)' 1
(8,7,5,4)* 1

(8,6,5,4,1)

(8,6,5,4,1)

Decomposition matrix

d76 d77 d78 d79 d80 d81 d82 d83 d84— d85 d86 d87 d88 d89 d90 d91 d92 d93

Proof:. We get an approximate matrix shown in Table 6 through which we find the required matrix
by USIng (I‘, f)-lndUCIng Of pIS D77, D78' D63’ D65' D66’ D81' D67' D68’ D69' D71, D72, D73, D75, D76
of S,3 t0 Sp4 We geton kq, ky, k3,dgy, dgs, ks, C3,C4, ks, dgg, dgo, k¢, doy, doz respectively.

Table 6. Approximate matrix B,

(19,41) 1
(19,4,1)' 1
(1851 1 1
(18,5,1)' 1 1
(15,5,4) 1 1
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(15,5,4)' 1 1
(14,5,4,1)" 2 1 1
(12,11,1) 1 1 1
(12,11,1)’ 1 1 1
(1284) 1 1 1 1 1 1 1 a
(12,8,4)' 1 1 1 1 1 1 1 a
(12,7,4,1)" 2 1 1 2 1 1 1 1 a, a,
(12,5,4,2,1) 1 1 as
(12,5,4,2,1)' 1 1 as
(11,85) 1 1 1 1 1 as
(11,8,5)' 1 1 1 1 1 a,
(11,7,5,1)* 2 2 3 3 1 1 2 1 1lagas
(11,5,4,3,1) 1 1 a
(11,5,4,3,1)' 1 1 a
(8,7,5,4)" 2 2 2 2 1 laya,
(8,6,5,4,1) 2 2 1 ag
(8,6,5,4,1)' 2 2 1 ag

ky ko ks dg, dgz ks ks (51 C; dgg dgg kg doy doy VI 1

Since (19,4,1) # (19,4,1)' are distinct irreducible modular spin characters then k; must split to
de,d7. Since (15,5,4) # (15,5,4) s0 k, or ks is split. If k5 is split to dgg, dg;. But (12,11,1) #
(12,11,1)’ then k, split to, d,g, d5q. If k, is split to, d,g, d,9 and from (7, a)-regular classes,
(15,5,4) — (18,5,1) + (19,4,1) # (15,5,4)' — (18,5,1)' + (19,4,1) (1)
Then k5 must split to dgq, dgq. S0 in both cases we get k, and k5 are splits.
ks splits to dg¢, dg, because (12,8,4) # (12,8,4)', or there are two columns, Y;, Y,. Since (12,8,4) |
Sy = (11,8,4)*2 + (12,7,4)"‘10 + (12,8,3)*5 has 17 of im.s and from Table 6 we have a, €
{0,1,...,10} ,using the same method we got on as,a¢ € {0,1,2,3}, as € {0,1,---,12} , a, €
{0,1,---,11},a4,a, € {0,1,---,10} and ag € {0,1,---,7}. Take a; € {1,...,10} (if a; = 0 we have
contradiction). But (12,8,4) 1 S,5 N (12,5,4,2,1) | S,53 hasnoi.m.ssothata; = 0 also (12,8,4) !
S,3N(11,5,4,3,1) 1 S35 has no i.m.s then ag = 0, so that:
Y; = a;(12,8,4) + a,(12,7,4,1)* + a,(11,8,5) + as(11,7,5,1)* + a,(8,7,5,4)* + a5(8,6,5,4,1),
Y, = a;(12,8,4) + a,(12,7,4,1)* + a,(11,8,5)' + as(11,7,5,1)* + a,(8,7,5,4)* + ag(8,6,5,4,1)’.
To find decomposition matrix we must discuss all probabilities such that the degree Y;,Y, =
0 mod 73, that’s difficult, so we do the algorithm by maple program in appendix to help us and we
find it are equal 30819 probabilities. therefore, we aim to limit the number of possibilities. Since
inducing m.s. is m.s. we have:

((12,7,3,1) + (12,10,1)* — (12,8,3)* + (19,3,1)*) 144 5., hence a, > a, (2)
((12,5,3,2,1)* — (12,7,3,1) + (12,8,3)*) 144 S, hence a; = a,, - a; = a, 3)
((10,8,5)* — (10,7,5,1) + (10,5,4,3,1)* + (12,10,1)*) 144 S, hence a, > as (4)
((10,7,5,1) — (10,8,5)* + (19,3,1)*) T*%) S, , hence as > a,, - a, = as (5)
((7,6,5,4,1)* + (11,5,4,3) + 2(12,11) — (8,6,5,4)) 1OV S, , hence ag > a, (6)
((8,6,5,4) — (7,6,5,4,1)") 10V 5., hence a;, = ay3, - a; = ag (7

((12,6,4,1) + (11,6,5,1)' — (12,7,4)* + (12,11) + (14,5,4)* + (19,4) + (19,4)") 1@V 5,
hence a, > a; (8)

((12,8,3)* — (10,7,5,1) — (8,7,5,3) + (8,6,5,3,1)* + (10,5,4,3,1)* + (12,10,1)*) 144 s,
hence a; = ay, - a1 = Ay ©))

((10,8,5)* — (8,7,5,3) — (12,8,3)* +(10,5,4,3,1)* + 2(12,10,1)* 4 (15,5,3)*) 144 §s,,

hence 0 > a,,~a; =0 (10)

Then we get degree Y;,Y, = 0 mod 73 only when Y; + Y, = m(dgg + dg;), m € {1,2, ...,10} which
is originally a division of k¢ to dgg and dg,. In kg since (11,8,5) # (11,8,5)' then kg split to

dgg, do OF there are two columns, Y;, Y,.Take a, € {1, ...,10} (if a, = 0 we have
contradiction).But (11,8,5) | S,5 N (11,5,4,3,1) 1 S,5 has no i.m.s so that a; = 0, so that:

Y: = a4(11,8,5) + as(11,7,5,1)* + a,(8,7,5,4)* + a5(8,6,5,4,1),
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Y, = a,(11,8,5) + as(11,7,5,1)* + a,(8,7,5,4)" + a4(8,6,5,4,1)". and by inducing

((10,8,5)* 4 (10,5,4,3,1)* — (8,7,5,3) + (12,10,1)*) 144 S, hence a, > a, (11)
((8,7,5,3) — (10,8,5)* + (12,8,3)*) 144 S, hence a, > a,, -~ a, = a, (12)

and from Eq.(4), Eq.(5), Eq.(6), Eq.(7) we get degree Y;,Y, = 0 mod 73 only whenY; +Y, =
m(dgg + do;) m € {1,2,...7} which is originally a division of k.
Cased: dg; + dgy C c; Suppose it's not, then (11,7,5,1)* —(11,8,5) — (11,8,5)" + 2(19,4,1) ism.s.
for Sy4, but ((11,7,5,1) — (11,8,5) — (11,8,5)" + 2(19,4,1)) (1) Sz3 is not m.s. for S,3
SO dgy + dog — €1 = dgs (Since dgg, dg7, dgg, do; are associate then dgg + doq C ¢, then dgg +
dgy — € = dge),
then delete c; and c, so that we may get k, = dgs + dgg. Based on the above, we get Table 5.
Lemma 3.4. The decomposition matrix for the block Bs is

Table 7. Block Bg

Spin Decomposition matrix
characters
(19,5)* 1
(12,7,5) 1
(12,6,5,1)" 1
(12,5,4,3)" 1

d94— d95 d96

Proof:. Since
e degree {(12,7,5) +(12,7,5), (12,5,4,3)*}= 294 mod 73
e degree {(19,5)*, (12,6,5,1)*}= —294 mod 73,

By and by using (3,5)-inducing Dsq, D3, Ds Of p.i.s. for S,5 to S, gives k4, k,, ks respectively,

and since on (7, a)-regular classes:
1. (12,7,5) = (12,7,5)
2. (12,6,5,1)" = (12,5,4,3)" + (12,7,5) — (19,5)*
Hence we get the approximation matrix
Table 8. Approximate matrix Bg

Degree
50778112 (19,5)* 1
396069273
60 (12,7,5) 1 1
771827302 X
40 (12,6,5,1) 1 1
376265809 (12,5,4,3)" 1
92
ky  ky kg

Since the number of the i.m.s is equal to or less than the number of the spin characters, the
approximation matrix in Table 8 can only have a maximum of 5 columns. It only has three columns
at maximum because there are two equations that match to the spin characters of S,, in Bs. Then the
equivalent Table 8 to Table 7.

Lemma 3.5. The decomposition matrix for the block B is Table 9.

Table 9. Block By

Spin characters Decomposition matrix
(18,4,2) 1
(18,4,2)' 1
(11,9,4) 1 1
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(11,9,4) 1 1
(11,7,4,2) 1 1 1 1
(11,6,4,2,1) 1
(11,6,4,2,1) 1

d97 d98 d99 leO d101 d102

Proof: When we induce Dy, Dg, D193, and D;o4 Of p.i.s. for S,3 through S,4, we geton 2k, k,, dyo1,
and d -, respectively. This results in all i.m.s. being associated in Bg. As a result, Table 10 provides
an approximate matrix.

Table 10. Approximate matrix By

(18,4,2) 1
(18,4,2)' 1
(11,9,4) 1 1
(11,9,4) 1 1
(11,7,4,2) 2 1 1
(11,6,4,2,1) 1
(11,6,4,2,1) 1
ky ky diox di02

Since (18,4,2) # (18,4,2)" and (18,4,2) | S,3 N {11,7,4,2) | S,3, (18,4,2) | S,53 N (11,6,4,2,1) |
S,3hasnoim.sso k; = dg; + dog. As (11,6,4,2,1) # (11,6,4,2,1)" and B, of defect one the k, =
dgg + d1g9, then get Table 9.

Lemma 3.6. The decomposition matrices for the blocks B, is

Table 11. Block B,

Spin
characters
(16,6,2) 1
(16,6,2)’ 1
(13,9,2) 1 1
(13,9,2) 1 1
(9,7,6,2)* 1 1 1 1
(9,6,4,3,2) 1
(9,6,4,3,2) 1

d103 d104 d105 d106 d107 d108

Decomposition matrix

Proof: We obtain an approximation of a matrix in B, which is associated with (2,6)-inducing
Ds, D16, and, D, Of p.i.s. for S,3 t0 S,4, in Table 12.
Table 12. Approximate matrix B,

(16,6,2) : a
(16,6,2)’ : a,
(13,9,2) Lo a,
(13,9,2) Lo a,
(9,7,6,2)" . las as
(9,6,4,3,2) Ca,
(9,6,4,3,2)' : as

ky ky ks Y, Y

Since (16,6,2) # (16,6,2)', so k4 divided or there are two columns. Suppose there are two columns:
Y1 = a1(16,6,2) + a,(13,9,2) + a3(9,7,6,2)" + a,4(9,6,4,3,2),
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Y, = a;(16,6,2)" + a,(13,9,2) + a3(9,7,6,2)* + a,4(9,6,4,3,2)’,
to describe columns since B, of defect one then we have a4, a,, a3, a, € {0,1}. Suppose a; = 1.
Since (16,6,2) | S,3 N (9,6,4,3,2) | S,5 hasno i.m.s so a, = 0, As a result of causing m.s. we have:

((12,9,2)—< 16,5,2 >) 162 5., hence a, = a; (13)
((9,6,4,3,1) — (9,7,6,1) + (13,7,2,1)+< 8,7,6,2 >) 1(62) S, hence a; = 0 (14)

S0 k3 = dqg3 + dqo4- Since (13,9,2) # (13,9,2),(9,6,4,3,2) # (9,6,4,3,2) and B, of defect one
then k,, ks divided into dy s, d10g, d107 and, d1og respectively. Then we get Table 11.

Lemma 3.7. The decomposition matrices for the blocks Bg in Table 13.

Table 13. Block Bg

Spin Decomposition matrix
characters
(15,5,3,1)* 1
(12,8,3,1)* 1 1
(10,8,5,1)* 1 1
(8,7,5,3,1) 1

d109 d110 d111

Proof:. Since
degree {(8,7,5,3,1) + (8,7,5,3,1)', (10,8,3,1)*}= 294 mod 73
degree {(15,5,3,1)*, (10,8,5,1)*}= —294 mod 73,

By (3,5) —inducing D,;, D35, D35 of p.i.s. for S, to S,, we get on Bg gives kq, ko, ks respectively.
And since on (7, a)-regular classes:

1. (8,7,53,1)=(8,7,53,1)
2. (12,8,3,1)" =(15,5,3,1)* + (10,8,5,1)* — (8,7,5,3,1)
Hence we get the approximation matrix
Table 14. Approximate matrix Bg
degree
16401330176 (15,5,3,1)* 1
98407981056 (10,8,3,1)* 1 1
13121364140 (10,8,5,1)" 1 1
49203990528 (8,7,5,3,1) 1
ki ky ks
Due to the fact that the number of i.m.s is equal to or fewer than the number of spin characters, the
approximation matrix in Table 14 can only have a maximum of 5 columns. nevertheless only has
three columns at most because there are two equations that match to the spin characters of S,, in Bg.
Additionally, k; — kjis not p.s. to S, V1 < i < j < 3. Then, the equivalent Table 14 to Table 13
Theorem 3.8. The decomposition matrix for the block B; of type associate in Table 15
Table 15. Block B,
Spin characters Decomposition matrix
(24)
24y
(21,3)*
(20,3,1)
(20,3,1)
(19,3,2)
(19,3,2)
(17,7)*
(17,6,1)
(17,6,1)
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(17,5,2)
(17,5,2)'
(17,4,3)
(17,4,3)'
(16,5,3)
(16,5,3)'
(15,6,3)
(15,6,3)'
(14,10)*
(14,7,3)
(14,7,3)'
(14,6,3,1)"
(14,5,3,2)*
(13,10,1)
(13,10,1)'
(13,8,3)
(13,8,3)'
(13,7,3,1)"
(13,5,3,2,1)
(13,5,3,2,1)'
(12,10,2)
(12,10,2)'
(12,9,3)
(12,9,3)
(12,7,3,2)"
(12,6,3,2,1)
(12,6,3,2,1)'
(11,10,3)
(11,10,3)’
(10,9,5)
(10,9,5)'
(10,8,6)
(10,8,6)'
(10,7,6,1)"
(10,7,5,2)"
(10,7,4,3)"
(10,6,5,2,1)
(10,6,5,2,1)'
(10,6,4,3,1)
(10,6,4,3,1)'
(10,5,4,3,2)
(10,5,4,3,2)'
(9,7,5,3)*
(9,6,5,3,1)
(9,6,5,3,1)
(8,7,6,3)"
(8,6,5,3,2)
(8,6,5,3,2)
(7,6,5,3,2,1)*

- N M % 1N O I~ 0 O
TV TS T TS T T T T

Proof: Using (r,t)-inducing of p.i.s. D, D41, D4y, D77, Dy, Dg, D7, Ds, D79, Dy, Dy, ..., D5y, D13,
Dgs, Dg3, D1g, D17, D34, D35, Dg4, Dss, Dsg, D2, Ds7, Dsg Of S,3t0 S,, give us the approximation

matrix.

Table 16. Approximate matrix B,

(24)
(24)'

75



A.H. Jassim, S.A. Taban.

(21,3)*
(20,3,1)
(20,3,1)'
(19,3,2)
(19,3,2)'
(17,7)*
(17,6,1)
(17,6,1)'
(17,5,2) a;
(17,5,2) a
(17,4,3) a
(17,4,3)' a
(16,5,3) az
(16,5,3)' as
(15,6,3) a,
(15,6,3)' a,
(14,10)" as ads
(14,7,3) as
(14,7,3) as
(14,6,3,1)* a a,
(14,5,3,2)" ag ay
(13,10,1) a
(13,10,1) o
(13,8,3) Qo
(13,8,3)' Qo
(13,7,3,1)° 4 ay
(13,5,3,2,1) a1
(13,5,3,2,1) Ay
(12,10,2) Qs
(12,10,2) Qs
(12,9,3) s
(12,9,3) .
(12,7,3,2)* Qs gs
(12,6,3,2,1) a6
(12,63,2,1) s
(11,10,3) a7
(11,10,3)’ a7
(10,9,5) Qg
(10,9,5)' Qg
(10,8,6) a0
(10,8,6)' a0
(10,7,6,1)" o o
(10,7,5,2)* Qyy Ay
(10,7,4,3)* Gy Gy
(10,6,5,2,1) ays
(10,6,5,2,1)’ ays
(10,6,4,3,1) Ay
(10,6,4,3,1)' e
(10,5,4,3,2) tys
(10,5,4,3,2)' ys
(9,7,5,3)* Qe Q26
(9,6,5,3,1) azz
(9,6,553,1)' ay
(8,7,6,3)" QAzg Qzg
(8,6,5,3,2) Ao
(8,6,5,3,2) aze
(7,6553,2,1)" 30 o
- M ¥ N ;M F 1 OV N 22 dNm ¥ 45 O A N ®m ;LY ¥ Q2 N ~ -
XT/WT/W R dgdd g RS ssSgg ST I SIS > >

All i.m.s. are associated in block B;, and since (24) # (24)" are distinct irreducible modular spin
characters , according to (theorem 2.5) (24),(24)" have the same multiplicity, hence k; = d; + d,.
Since (19,3,2) # (19,3,2)' s0 k, or k4 is split. If k, is split to ds, dg. But (17,4,3) # (17,4,3)" then
ks splitto, d,,dg. If k5 is split to, d, dg and from (7, a)-regular classes,
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(17,5,2) — (17,4,3) # (17,5,2) — (17,4,3)’ (15)

Then k, is split to ds, de. So in both cases we get k, and k5 are splits.
Since (17,5,2) # (17,5,2)' so k, or ke is split. If k, is split to dg, d;,. But (6,5,3) # (6,5,3)" then
ks splitto, dy,dq,. If ksis splitto, dy4,d;, and from (7, @)-regular classes,

(16,5,3) + (14,7,3) — (15,6,3) # (16,5,3) + (14,7,3)" — (15,6,3)’ (16)

Then k, is split to dg, d4,. SO in both cases we get k, and k< are splits.

Since (17,4,3) # (17,4,3)". so kg has been divided or has two columns Y;, Y,, to explain these
columns. Since (17,5,2) L Sy5 = (16,5,2)** + (17,4,2)*% + (17,5,3)*% has 9 of i.m.s. and, from
Table 16 we have a, € {0,1,...,5}, in the same way we as, € {0,1}, as,ag, a,s € {0,1,2},
a,, aqz, a4, Azg € {0,1,2,3}, ay €{0,1,...,4} , as Q16,017,029 € {0,1,...,5}, a4 €
{0,1,...,6},a;,a13,a15 €{0,1,...,7}, ay, €{0,1,..,9},  aq4,a2,a24 €{0,1,...,10} , a9 €
{0,1,...,11}, a1, a3 € {0,1,...,12}, a,, € {0,1,...14}, a;o € {0,1, ...,15}, ag, aye € {0,1, ...,16},
a,; € {0,1,...,19}. Let a, € {1,2,3} (if a, = 0 contradiction).

Since (17,4,3) 1 S,53 N (14,10)* | S,3 has no i.m.s so as = 0, the same way we get aq, ao,
a1y, 046, A9, A21, -, A3o are equal to zero, and since:

((9,7,6,1) + (9,7,6,1) —(9,8,6)* + (20,2,1)*) 135 S, hence a;9 = 0 (17)
((19,3,1)* — (10,8,5)* + (10,7,5,1)) 162 S, , hence a,;g = 0 (18)
((12,6,3,2) — (13,5,3,2)) 119 S, hence a;s > ag (19)

((13,5,3,2) — (12,6,3,2) + (10,6,5,2)) 119 5,, hence ag = a;s, - ag = a5 (20)
((12,7,3,1) — (14,5,3,1)) 162 S, hence a,; = a, (21)

((14,5,3,1) — (12,7,3,1) + (10,7,5,1)) 1(62) S,, hencea, = a4, a; = a4 (22)
((14,6,2,1) — (14,4,3,2)) 143 S, hence a; > ag (23)

((14,4,3,2) — (14,6,2,1) + (14,7,2)*) 153 S, hence ag = a,, - a, = ag (24)
((17,5,1)" — (12,10,1)* +(8,7,5,3)) 162) S,, hence a; > a3 (25)
((12,10,1)* — (17,5,1)* + (19,3,1)*) 162 5,, hence a;3 = ay, - a; = a3 (26)
((16,5,2)* — (16,4,3)") 153) S,, hence a; = az (27)

((16,4,3)* — (16,5,2)* + (16,6,1)*) 153) 5, hence a, = ay,~ a; = a, (28)
((12,9,2)* — (11,9,3)* + (10,9,4)*) 143 S, hencea; = a,, (29)
((11,9,3)* — (12,9,2)* + (8,7,6,2) + (16,6,1)*) 153) S, hence a;; = aq, - a; = aq; (30)

therefore, we only obtain degree Y;,Y, =0mod 73 when Y, +Y, =nke+nyk,n, €
{1,2,3},n, € {0,1,2}, then kg = dy3 + dq4. In k; we have (16,5,3) # (16,5,3)". so k, divided or
there are two columns Y;, Y,. Let a; € {1,2,,...,5} (If a; = 0 contradiction). Since (16,5,3) 1 S,3 N
(14,10)* | S,3 has no i.m.s so as = 0; similarly,a,,, a4, az¢,a1,...,a3 are equal to zero, by
Eq.(23), Eq.(24) and since inducing m.s. is m.s., then we have:

((10,6,5,2) + (10,6,5,2) — (10,7,6)* + (20,3)) 119 5, , hence a;o = 0 (31)
((18,3,2)* — (10,9,4)* + (10,7,4,2)) 153 S, , hence a;g = 0 (32)
((17,6) — (13,10) + (10,7,6)*) 119 5., hence ag = 0 (33)
((17,5,1)* — (12,10,1)* + (8,7,5,3)) 162 S, hencea,;; = 0 (34)
((12,9,2)* — (11,9,3)* + (10,9,4)") 153) 5,, hence a;; = 0 (35)
((12,6,3,2) — (13,5,3,2)) 110 S, hence a;5 = a, (36)

((13,5,3,2) — (12,6,3,2) + (10,6,5,2)) 119 5., hence a; = a;s, - a, = a;s (37)
((12,7,3,1) — (14,5,3,1)) 162 S, hence a;; = a, (38)

((14,5,3,1) — (12,7,3,1) + (10,7,5,1)) 162 5., hence a; > a4, ~ a, = a,; (39)
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((13,7,3)" — (14,6,3)*) 110 5., hence a;y = a,
((14,6,3)* — (13,7,3)* + (10,7,6)*) 110 S,, hence a, = aj, - a, = a
24 4 10 4 10
((15,6,2)* — (16,5,2)* + (17,4,2)") 1653) 5, hence a, > a;
(16,5,2)* — (15,6,2)* + (14,7,2)*) 163) S, hence az = ay, - az; = a
24 3 4 3 4
((15,5,3)* — (12,8,3)* + (12,10,1)* + (10,8,5)") 142 S, hence az = a,,,
((12,8,3)* — (15,5,3)*) 162 S, hence a;, = as, - a; = ay,
((11,9,3)* — (11,7,3,2) + (11,6,3,2,1)*) 13 S, , hence a; > a,

((11,7,3,2) — (11,9,3)* + (11,10,2)* + (18,3,2)*) 153) S, , hence a, > as, - as
= a7

(40)
(41)
(42)
(43)
(44)
(45)
(46)

(47)

then degree Y]_, Yz =0 mod 73 Only When Y]_ + Yz = m(d15 + d16),m € {1,2} SO k7 = d15 + d16'
For kg we have (15,6,3) # (15,6,3)', let a, € {1,2, ...,6}. Since (15,6,3) | S,53 N (13,5,3,2,1)* |
S,3 has no i.m.s so a;, = 0, the same way we get a,¢, A15, A22, .., Az5, A27,Azg, A2g, Ao are equal

to zero, and since inducing m.s. is m.s. so we have:
((16,4,3)" — (11,7,3,2) 4+ (11,6,3,2,1)* + (10,9,4)*) 1653) §,, hence a;s = 0
((12,6,3,2) — (13,5,3,2)) 100 S, hence ag = 0
((9,6,5,2,1)* — (14,9) + (16,7)) 153 S,, hence as = 0
((8,7,6,2) — (13,9,1)* + (14,9) + (16,6,1)*) 153) S, , hence ag = 0

(2(13,10) + 2(7,6,5,3,2)* +(10,6,4,3) — (9,6,5,3)) 1653) §,, hence a,g = 0

((9,6,5,3) — (10,6,5,2) + (10,6,3,2)) 119 S,, hence a,; =0
((10,6,5,2) + (10,6,5,2)" — (10,7,6)* + (20,3) + (20,3)") 119 S, hencea,q, ayo = 0
((17,5,1)* — (12,10,1)* + (8,7,5,3)) 162) S, , hence a3 = 0
((12,9,2)* — (1,9,3)* 4 (18,3,2)*) 153) S,, hencea,, = 0
((16,4,3)* — (12,9,2)* + (9,7,5,2)) 13 S, , hence a;, = 0
((15,6,2)" — (14,6,2,1) + (11,6,3,2,1)*) 163 S,, hencea, > a,
((14,6,2,1) — (15,6,2)" +(16,6,1)*) 13 S, , hence a; = ay, -~ a, = a,
((12,7,3,1) — (14,5,3,1)) 162 S, hence a;; = a,

((14,5,3,1) — (12,7,3,1) + (10,7,5,1)) 1(62) S, , hence a, = a1, a, = a1
((19,3,1)* + (15,5,3)* — (12,8,3)* + (10,7,5,1)) 162 S, , hence a, = a;,
((12,8,3) — (15,5,3)) 162 5,, hence a;y = a4, - a, = aq
((14,7,2)* — 2(14,6,2,1) + 2(14,4,3,2)) 153) S,, hence ag > 2a,
((13,8,2)* + (13,7,2,1) + (16,6,1)* — (14,7,2)*) 153 S, , hence 2a, > ag, - ag = 2a,

(48)
(49)
(50)
(51)
(52)
(53)
(54)
(55)
(56)
(57)
(58)
(59)
(60)
(61)
(62)
(63)
(64)
(65)

Then degree Y;,Y, = 0 mod 73 only when Y; +Y, = m(d;; + dqig),m € {1,2,...,6}. S0 kg =
di7 +dqg. In kg we have (13,10,1) # (13,10,1)'s0 kg = d,5 + dy¢ Or there are Y;,Y, . Since
(13,10,1) | S,3 N (13,5,3,2,1)* | S,3 has no im.s so a;, =0, the same way we get a;s,
A1g, A17, A1, A2z, A24,035, A9, A3q Are equal to zero, and since inducing m.s. is m.s. so we have:

((14,6,3)* — (13,6,3,1) + (12,6,3,2)) 110 S, hence a;; = 0
((8,6,4,3,2)* — (9,8,6)* + (10,9,4)* + (14,7,2)* + (20,2,1)*) 13 5, , hencea,;o = 0
((10,7,6)* + (14,6,3)* — (13,7,3)") 110 5, hence a,y = aq,

((13,7,3)* — (10,7,6)* + (7,6,5,3,2)*) 110 S,, hence a;o = ayg, -~ 19 = Az
((10,7,5,1) — (12,8,3)* 4 (15,5,3)* + (19,3,1)*) 162 §,, hence a,; = ay,4

((10,5,4,3,1)* + (10,8,5)* + (12,8,3)* — (10,7,5,1)) 1(62) S, , hence a4 = ayq, - Aq4
=daz

((13,9,1)* — (13,8,2)* + (13,7,2,1) + (20,2,1)*) 153 S, , hence aqg = ay,

(66)
(67)
(68)
(69)
(70)
(71)

(72)
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((13,8,2)* — (13,9,1)*) 13 5,, hence a;y = aq, - ag = ay
((12,10,1)* + (12,8,3)* + (10,8,5)* + (15,5,3)*) 162 S, hence a;3 = a,,
((12,8,3)* — (12,10,1)*) 162 5,, hence a4 > ay3,~ 13 = Ay4

) ) ) ’ + ) ) ) ) + ) ) ! ence a’ =
(10,5,4,3,1)* + (8,6,5,3,1)* + 2(10,8,5)*) 162 5,, h 27 =0
((9,6,4,3,1) + (7,6,4,3,2,1) — (9,6,5,2,1)* + (14,7,2)*) 153 S,, hence a,; = 0
((9,6,5,3) + (12,6,3,2) — (10,6,5,2)) 119 S, hence a,s = a,3
((10,6,5,2) — (9,6,5,3) + (7,6,5,3,2)*) 110 S, hence a;3 = ¢, -~ A13 = Gzg
((10,10,1)* — (8,7,5,3) + (8,6,5,3,1)*) 1(62) §,, hence aq > a,g

Iy - ] ) + o) ! 24 ence aZ 2 a9’ - a9 = a28
((8,7,5,3) — (12,10,1)* 4+ (17,5,1)*) 162) 5, h 8

(73)
(74)
(75)
(76)
(77)
(78)
(79)
(80)
(81)

then degreeY;, Y, = 0 mod 72 only when Y; + Y, = mkq, m € {1,2,3} then ko is split to d,s, d.
In k,,we have (13,5,3,2,1) # (13,5,3,2,1)'s0 k;; = dy9 + d3o Orthereare ¥;,Y,. Let a5 € {1,2,3}.
(If a1, = 0 then kq is split). Since (13,5,3,2,1) | S,3 N (12,10,2) | S,3 hasnoi.m.sso a;; = 0, the

same way we get a,;, ayg, @19, Azg,029, Azo are equal to zero, and since:
((12,4,3,2,1)* + (13,8,2)* — (13,7,2,1)) 13 S, hencea,, > a;,
((13,7,2,1) — (13,4,3,2,1)) 153) S, , hence a;1 = ay5, - a11 = Ao
((12,5,3,2,1)* — (12,7,3,1) +(12,8,3)*) 162 §,, hencea;s = a;s
((12,7,3,1) — (12,5,3,2,1)") 162) 5., hence a;s = aqq, - a15 = Ay
((8,6,5,3,1)* — (8,7,5,3) + (12,10,1)*) 162 5., hence a,; = a,
((8,7,5,3) — (8,6,5,3,1)* + (10,8,5)*) 1(62) S,, hencea,s = ayy, - Arg = Ayy
((9,7,4,3,2)* — (13,4,3,2,1)* + (14,4,3,2)) 143) §,, hence a,5 > a;4
((13,4,3,2,1)* — (9,5,4,3,2)* + (8,7,6,2)) 13 5,, hence a;; = ays, - a11 = Ay
((10,7,6)* — (13,7,3)* + (14,6,3)") 119 S,, hence ayy = aq,
((13,7,3)* — (14,6,3)* + (7,6,5,3,2)*) 110 S,, hence a;; = ayg, - 11 = Ay
((10,5,4,3,1)* — (10,7,5,1) + (10,8,5)* + (12,10,1)*) 162) 5., hence a,, > ay,
((10,7,5,1) — (10,7,4,3,1)*) 162 S, hence ay; = dy4, - Ay1 = Aoy
((9,7,4,3) — (9,6,5,2,1)* + (8,6,4,3,2) + (14,7,2)*) 1653) §,, hence a,3 = a,,
((9,6,5,2,1)* — (9,7,4,3) + (11,9,3)") 143 5,, hencea,, = ay3,~ Gy = ay3
((10,6,5,2) + (10,6,5,2) + (20,3) + (20,3)’ — (10,6,4,3) — (10,6,4,3)’
—(10,7,6)*) 149 S,, hence a;; = 0

(82)
(83)
(84)
(85)
(86)
(87)
(88)
(89)
(90)
(91)
(92)
(93)
(94)
(95)

(96)

then a,; = a,, = 0. But that contradiction with since a,, € {1,2,3}, so k4, it's split. In k;,we have
(12,10,2) # (12,10,2)' so ki, = d3; + d3, or there are Y;,Y,. Let a;; € {1,2,...,7}, since
(12,10,2) | §,3n(12,6,3,2,1) I S,5 hasnoi.m.sso a;¢ = 0, the same way we get a,3, a4, ays, Az,

as, are equal to zero, and since inducing m.s. is m.s. so we have:
((8,6,4,3,2)* — (8,7,6,2) + (13,9,1)*) 103) 5, , hence a,g = 0
((8,6,4,3,2)* — (9,8,6)* + (13,8,2)*) 1(53) S, hence a;9 = 0
((9,6,4,3,1)* — (9,7,6,1) + (13,8,2)*) 1G3) 5, , hence a,, = 0
((10,9,4)* + (11,6,3,2,1)* — (11,7,3,2) + (16,5,2)*) 13 S, , hence a;g = a;s
((11,7,3,2) — (10,9,4)* + (8,7,6,2) + (18,3,2)*) 13 §,, hence a;s > ag -~ ay5 = ayg
((8,7,5,3) — (12,10,1)* + (17,5,1)*) 162 S, , hence ays = a5
((12,10,1)* — (8,7,5,3) + (8,6,5,3,1)*) 162 §5,, hencea,s = a,¢, - 13 = Ay
((10,6,4,3) + (7,6,5,3,2)* — (10,6,5,2) + 2(13,7,3)*) 110 S, hence a,, = a,;
((10,6,5,2) — (10,6,4,3)) 10 S, , henceay, = ayy, = Gy = Ayyp
((11,10,2)* — (12,9,2)* + (13,8,2)") 153 §,, hencea,; = ay,

(97)
(98)
(99)
(100)
(101)
(102)
(103)
(104)
(105)
(106)
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((12,9,2)* — (11,10,2)*) 153 5,, hence a4 = ay7,~ a14 = a5 (107)
((11,9,3)* — (10,7,4,2) + (10,6,4,2,1)* + (9,8,6)*) 153) S,, hencea,, = ay; (108)
((10,7,4,2) — (11,9,3)* + (16,5,2)* +(18,3,2)*) 143 5,, hencea,; = ay4, - A14 = A21 (109)

then degreeY;,Y, = 0 mod 73 only when Y; +Y, = nyky, + nyky3,nq € {1,2},n, € {0,1,2,3}, or
n, € {3,4,5},n, € {0,1,...,5 —n;}. S0 ky, it's split. For k;5 (12,9,3) # (12,9,3)'s0 ky3 = d33 +
ds4 Or there are ¥;,Y, . Since (12,9,3) | S,3 N (12,6,3,2,1) | S,3 has no i.m.s so a;¢ = 0, the same
way we get a,s, a4, dys, a7, Agg, Az are equal to zero, and since inducing m.s. is m.s. so we have:

(2(8,6,5,3,1)* — (8,7,5,3) + (12,10,1)*) 12 5., hence a,¢, ayg = 0 (110)
((13,7,3)* — (10,7,6)* + (7,6,5,3,2)) 1) 5,, hence aq,a50 = 0 (111)
((11,10,2)* 4 (12,9,2)* — (13,8,3)*) 13>) §,, hence a;; = aq, (112)
((12,9,2)* — (11,10,2)") 133) S,, hence ajq = ay7, =~ A14 = Ay (113)
((12,7,3,1) — (12,8,3)* +(12,10,1)* + (19,3,1)*) 1?9 S, hence a;5 = a4 (114)
((12,8,3) — (12,7,3,1) + (12,5,3,2,1)*) 126 S, hence a;, = a5, ~ 14 = ay5 (115)
((12,6,3,2) — (10,6,5,2) + (9,6,5,3)) 1OV 5,, hence a;, > ay, (116)
((10,6,5,2) — (12,6,3,2) + (13,5,3,2)) 1OV S, hence ay; = aq4, -~ Q14 = apq (117)

then degreeY;, Y, = 0 mod 73 only when Y; + Y, = mk,5,m € {1,2,3} then k5 is split to ds3, d3,4.
In k;4, we have (10,9,5) # (10,9,5)"if there are Y;,Y,. Let a;g € {1,2,3}. Since (10,9,5) | S5 N
(10,5,4,3,2) | S,3 has no i.m.s so a,s = 0, the same way we get a3, are equal to zero, and since
inducing m.s. is m.s. so we have:

((10,9,4)" — (9,8,6)* + 2(7,6,4,3,21) + (13,8,3)*) 143) 5,, hence a5 > asq (118)
((9,8,6)* — (10,9,4)* + (11,9,3)") 1653) S, , hence ajq = ayg, = Ayg = Ay (119)
((8,7,6,2) + (8,7,6,2) +(7,6,4,3,2,1) + (7,6,4,3,2,1)' — (8,6,4,3,2)*) 153 §,,
hence 2a,g5 = ayq (120)
((8,6,4,3,2)" +(9,5,4,3,2) — (8,7,6,2) — (8,7,6,2) + 2(3,9,1)") 153 §s,,
hence ayq = 2a,g, - Ayg = 205 (121)
((9,7,6,1) — (9,8,6)* + (7,6,4,3,2,1) + (13,8,2)*) 153 §,, hence a,, = a;g (122)
((9,8,6)* — (9,7,6,1) + (9,5,4,3,2)* + (13,9,1)*) 1653) S, , hence ajg = ayg, - a5 = Ao (123)
((9,7,4,3) — (10,7,4,2) + (11,7,3,2)) 1653) S,, hence ayg = a,q (124)
((10,7,4,2) — (9,7,4,3) + (7,6,4,3,2,1)) 153 S,, hence ay; = aye, - 1 = Ay (125)
((8,7,6,2) + (7,6,4,3,2,1) — (9,7,6,1) + (13,7,2,1)) 13 S, , hence a,g = a;g (126)
((9,7,6,1) — (8,7,6,2)) 1>3) S, , hence a,g = ayg, ~ Ayg = dyg (127)
((7,9,5,3,2)* — (10,7,6)* + (13,7,3)*) 100 S,, henceayq = 2a,5 (128)
((10,7,6)* — (7,6,5,3,2)") 110 S, hence2a,g = ayq, - Azg = 2043 (129)
((9,6,4,3,1)* —(9,6,5,2,1)* + (13,8,2)* + (7,6,4,3,2,1)) 133 S,, hence a,, = a,; (130)
((9,6,5,2,1)* — (9,6,4,3,2,1)* + (9,5,4,3,2)*) 133) S, hence a,3 = dyq, -~ Ay3 = sy (131)
((10,7,5,1) — (10,8,5)* — (10,5,4,3,1)* +(19,3,1)*) 162 S, , hence a,; = a;g + a3 (132)
((10,8,5)* + (10,5,4,3,1)* — (10,7,5,1) + (12,10,1)*) 162 g,
hence a g + a3 = a,q, -~ ay1 = aqg + Az (133)
((10,7,4,2) — (9,8,6)* — (10,6,4,2,1)* + 2(7,6,4,3,2,1) + (13,8,2)") 163) 5,
hence a,, = as; (134)
((9,8,6)* + (10,6,4,2,1)* — (10,7,4,2) + (11,9,3)*) 153 S, , hence a,3 = ayy, - ayy (135)
= dz3
((9,6,5,3) + (9,6,5,3) —(10,6,5,2) — (10,6,5,2)" — (7,6,5,3,2)" + (12,6,3,2)
+(12,6,3,2)") 119 5,, hence ay; = a,, + ajg (136)
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((10,6,5,2) +(10,6,5,2)' + (7,6,5,3,2)* — (9,6,5,3) — (9,6,5,3)') 110 5,

hence ay, + a1g = a7, Ay7 = a4 + Ayy (137)
((8,6,5,3,1)* — (8,7,5,3) — (10,8,5)" + (12,8,3)*) 162 5., hence a,, = a,; (138)
((8,7,5,3) + (10,8,5)" — (8,6,5,3,1)") 12 S, hence ay; = a3z, azy = Gz, (139)

then from Eq.(133) a,; = a45 + a3 and from Eq.(135),Eq0.(139) a,; = a,, = a,3 , respectively
then a,; = a;g + a,3 = a;g = 0. However, given that a;g # 0, SO k14 = d3; + d3g. FoOr k5 we
have (10,5,4,3,2) # (10,5,4,3,2)', if there are Y}, Y,. Let a,5 € {1,2} and, since:

((8,7,6,2) — (9,5,4,3,2)* + (11,6,3,2,1)*) 153) S,, hence a,g = a,s (140)
((9,5,4,3,2)* — (8,7,6,2) + (10,9,4)* + (12,9,2)*) 153 S,, hence a,s = a,g, ~ ays (141)
= dzg
((10,5,4,3,1)* — (8,7,5,3) + (10,8,5)* + (12,8,3)*) 1(62) S, hence a,, = a, (142)
((8,7,5,3) — (10,5,4,3,2,1)* + (12,5,3,2,1)*) 1(62) 5,, hence a,g = ays - Gpq = Ay (143)
((8,7,6,2) — (8,6,4,3,2)" + (9,8,6)") 163) 5, , hence a,s = a,q (144)
((8,6,4,3,2)" — (8,7,6,2) + (12,9,2)*) 153) S, , hence a,q = ays, * Ays = Ay (145)
((8,7,5,3) — (8,6,5,3,1)* + (10,8,5)*) 1(62) S,, hence a,, = a,; (146)
((8,6,5,3,1)* —(8,7,5,3) + (12,8,3)") 162 §,, hence ay; = ays, -~ Azs = Ay (147)
((8,7,6,2) — (9,7,6,1) + (9,8,6)* + (11,6,3,2,1)*) 13 §,, hence a,5 > a, (148)
((9,7,6,1) — (8,7,6,2) + (9,8,6)*) 1653) S,, hence a,g = ays = Ay = Ays (149)
((10,5,4,3,1)* — (10,7,5,1) + (10,8,5)* + (12,9,1)*) 162) 5., hence a,, > a,;, (150)
((10,7,5,1) — (10,5,4,3,1)*) 162) 5, , hence a,; = a4, = Gy = Ayy (151)
((10,7,6)* — (7,6,5,3,2)*) 110 S, hence azg = 0 (152)
((10,6,4,2,1)* — (9,7,4,3) + (9,8,6)* + (11,9,3)*) 1(>3) S, , hence a,3 = a,, (153)
((9,7,4,3) — (10,6,4,2,1)" + (11,7,3,2)) 153 S, hence ay, = ays3, - Ayy = Az (154)
((9,6,5,2,1)* — (9,7,4,3) + (11,9,3)*) 153) S, hence a,; = a,; (155)
((9,7,4,3) — (9,6,5,2,1)* 4 (9,8,6)*) 153 S,, hence ay; = ayy, - Ay = dyy (156)

then degreeY;, Y, = 0 mod 73 only whenY; +Y, = kys, S0 ki = dyq + d4,. When there are 123
columns and (13,8,3) # (13,8,3)" on (7, a)-regular classes, k,o = d,7 + d,g. As a result, table 15
represents the decomposition matrix for block B;.

4. Conclusions

If the field characteristic is prime, the decomposition matrix for the spin characters of the
symmetric group is connected between the irreducible spin characters and the irreducible modular
spin characters. We had to conduct multiple studies in order to have enough data to discover new
properties and theorems because there isn't a general formula for studying the topic, especially when
we prove the field and the change of groups. This is what previous researchers did when they looked
at the division matrix at the field where the characteristic is 0. We provided 156 equations in this
study, including equations Nos. 1, 15, and 16, which were discovered by comparing earlier research
and connecting them to a relationship between regular classes (p, «)-regular classes More than 50
equations have been condensed using these equations, also we used maple programming to see all
correct probabilities. We also encountered novel issues caused by defect three matrices, which were
resolved in cases 1, 2, 3 and 4. This opens the door for a thorough investigation that will first examine
matrices of defect four type, then examine irreducible modular spin characters, and lastly classify
groups.
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6. Appendix (Maple Programming)

Let the approximation matrix for the block to the spin characters of S,, for field has

characteristicp = 7

The degree Spin characters Approximation matrix
Ay B 021
Ay By 4y
A B2 a a
A; Bi a;
A; B’ a;
141 £
a; € N, Vi. To find discuss all probabilities such that the degree Y;,Y, = 0 mod 73 .
> P:=p3;
D1:=A4;
D2:=A,;
Di:=4;;
S:=0;
=1

for a, from 0 to n; do
for a, from 0 to n, do
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for a; from 0 to n; do

S:= D1*A;+ D2*A,+...+ Di*4;;
G:=modp(S,P);

if G=0 then
print(j,'a;'=a,4,'a,'=a,,...,'a;'=a;);
i=itL

fi;

S:=S;

od:

i index

J. Basrah Res. (Sci.) 49(1), 66 (2023).
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