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1. Introduction

Integral and integro-differential equations are a cornerstone of mathematical physics, used to
express a wide range of topics. While it is impossible to list all their applications, this paper will focus
on specific examples to showcase their importance. These equations are so central to nearly every
field of applied mathematics and mathematical physics that a vast body of literature has been dedicated
to them. They are typically classified as either Fredholm, Volterra, or Fredholm-Volterra Integro-
differential equations. Although many physical phenomena are described by these equations, they are
often very difficult to solve analytically.

Numerical methods are crucial for analyzing complex problems across various fields because many
of these problems lack analytical solutions. As a result, researchers have developed and refined a wide
range of numerical techniques. Some notable methods include: Taylor-series expansion [3], the hybrid
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function method [4], the Modified Laplace Adomian decomposition [5], the Legendre wavelets
method [7], the Tau method [8], the finite difference method [9, 10], the Haar function methods [11,
12], the Homotopy perturbation [13], Fractional-Differential Equations [14], the differential transform
[6]. Many of these numerical techniques have been successfully applied to solve linear Fredholm and
Volterra integrodifferential equations [6, 16, 17]. Additionally, researchers continue to refine these
methods for greater accuracy and efficiency. For example, Hilmi et al. [22] developed a method that
provides precise numerical solutions for fractional differential equations. Other studies have focused
on using non-polynomial cubic spline functions and cubic splines to create numerical methods for
solving both first- and second-order Fredholm integro-differential equations [1, 6, 23]. This work aims
to use new six non-polynomial cubic spline functions in matrix form to solve multi-term linear integro-
differential equations, in the closed interval [a, b(z)], as follows:

b(z)
2 nu@ =y@ + | kG HuCods n
with general initial condition.
n—-1
afu(a)
G =) @)

j=0

~.

Where 7,y and k are known functions, @ € N,u € C?[],R], and ] = [a, b(z)]. where b(z) = z and
b(z) = b, then equation (1) is called linear Volterra Integro-Differential Equations (V-IDEs) and
linear Fredholm IntegroDifferential Equations (F-IDEs) of the high orders with constant coefficients,
respectively. u(z) needs to be determined, which is an unknown solution function, while
a,1q,¢;,9 € Z*,y(z) € C([a,b(2)],R), and K(z,x) € C(D,R),D = (z,x):a < z < x < b(2), are
known, with { and 9 are real appropriate constants Vj = 0,1,2, ...,n — 1, and n is of arbitrary integer
order (n € Z*). Equation (2) delineates a general initial condition established to guarantee the well-
posedness of the multi-term integro-differential problem. This condition is assumed and is standard in
the investigation of higher-order integro-differential equations.

The outline of the paper is as follows. First, in Section 2 and Section 3, the researchers proposed a
new type of non-polynomial cubic spline method and describe the basic formulation of spline
approximation required for our subsequent development. The convergence analysis of the suggested
approach to problem solving is described in Section 4. In Section 5, numerical examples are provided
to demonstrate the effectiveness of the suggested approach. Lastly, a conclusion of the numerical
results is provided in Section 6.

In this study, a novel six non-polynomial spline approach for multi-term linear integro-differential
equations is proposed, its convergence conditions are established, and numerical experiments show
that it works more accurately and efficiently than current methods.

2. Six non-polynomial cubic spline function method

Spline interpolation refers to the process of generating a spline function that approximates a given
data set or function, given a knot vector over the interval [a, b(z)] splines of degree M constitute a
vector space. For example, the set of all exponential cubic splines forms a subspace within the space
of all cubic C?[a, b(z)] splines, a cubic spline function S(z) that interpolates a function u(z) over the
interval [a, b(z)] is defined by two main properties, within each subinterval [z, zj 1] is a polynomial
of degree no greater than three, and S'(z), and S"(z) are continuous in the interval [a, b(z)].
The M — th order nonpolynomial spline function defined in [2].

Py € span{l,z,...,zM™1,e7%, e cos (1z), sin (1z), cosh (1z), sinh (1z)}
In this section, a special case of the above linear span has been considered, and a uniform mesh A with
nodal points z; will be taken into consideration, on [a, b(z)] such that
Ara=2zy<z < <zy=Db(2),
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where z;, = zg + jh, forj=0,1,...,M, and h = b(ZMﬂ. The interpolating six non-polynomial cubic

spline function (NCSF) is S (z) which interpolate u at z,
SA(2) = ak(kle”(z‘zk) + kze‘”(z‘zk)) +bj(z — z)* + ci(z — zi) + dy, k

=01,...M ®)
It has been generated in the following table:
Table 1. Six Non-polynomial cubic Spline Functions.
k, k, Y Spline function Formula's name
1 0 1 ;€™ %) + by (z — )% + ¢ (z — z) + dy, NCSEF. 1
0 1 1 a,e ™70 + by (z — 2)? + i (z — z3) + dy, NCSF. 2

0.5 05 i acos (t(z — z)) + b (z — zx)? + cx(z — zx) + d,  NCSF. 3
—-05i 051 i agsin (t(z — z)) + by (z — zx)? + cx(z — z) + d,  NCSF. 4

agsinh (t(z — zy)) + by (z — z,)? + cx(z — 2)
+d,

0.5 -05 1 NCSF. 5

agcosh (t(z — z)) + b (z — z;)? + ¢ (z — zx)
+d;

0.5 05 1 NCSF. 6

Where y and 7 are arbitrary constants, the following boundary conditions in equation (4) have been
used to derive the approximate solution of equation (3)

Sk (Zk) = i, Sk (Zr1) = U1, Sk (Zk) = Fio, Sk (Zk+1) = Fieyr, “4)
It can easily confirm that the spline scheme approximation S(z) is successfully and uniquely
determined with the recurrence formula equation (4) for all h by using algebraic manipulation of
equation (4) and equation (5) the following have been obtained:

10.0

7.5 1

5.0 1

2.51

0.0
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—— NCSF3
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Fig. 1. Six Non-polynomial Cubic Spline Functions generated in Table 1.
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a; = Bo(Fk—Fk+1)
Y272[(Bo—1Dkz+(Bo—B1)k1]’
b, = (k1+k2)BoFi+1—(k1B1+k2)Fk
k (2B1-2)kz+(2Bo—2B1k;  ’
_ V22 ((=Bo)kz+(B1=Bo)ks) [Ug—2up44] + [(Y27®h?By—2B1+2Bo k1 +(y2 T2 h?=2+2B, )k, | Fi (5)
2?2 [(Bo- ko +(Bo—Br)k] 2hy22?[(Bo—1kz+(Bo—B1)k1]
+ [(=v272n2Bo—2Bo+2B1)ka+(—Y2T2h2 Bo+2-2B0) k2| F 41
2hy2t2[(Bo—1Dkz+(Bo—B1)k4] ’
d. = [Bo—Dkz+(Bo—PBr)k1]ug+(ky+k) (Fr+1—Fi)Bo
& Y2712[(Bo—Dkz+(Bo—B1ki]

The coefficients ay, by, ci, and dj, are established by enforcing the interpolation and smoothness
constraints specified in equation (4), leading to a linear algebraic system. The resolution of this system
produces the explicit expressions delineated in equation (5). These coefficients are well-defined
provided that y 0,7 # 0, (By — 1)k, — (Bo — B1)ky # 0, and (B; — Dk, — (B — B1)k1 # 0.
withk; > 0and k, > 0.

where B, = e¥™ and B; = e?’™"*, From the continuity condition Sy, (z;) = Si_1(zx) we get:

00Fy—1 + 01F + 03F;1 = Volug—1 — 2uy + Up4]. (6)
where

0o = 2ythBo(ky — k1) — (2Bo + v212h?) (ks + k) + 2(B1ky + k),

01 = 4Bok1(yth + 1) + 4ok, (1 — yth) + y212h%ky (By + B1) + v21%(h?ky + h2Boky + 2B1ky) — 2B1ky — 4k,
0y = 2ytBoh(ky — ki) — (v212h%By + 2Bo) (ky + k) + 2(ky — Boky),

Yo = 2v2t%(ky + Prky) — 2y21%Bo(ky + ko).

By expanding equation (3) by Taylor series expansion, the form of the truncation error has been
expanded about z :

2 12 )k
B3 (7

+ 2 (0o = a)ul + 0(r).

oy +o h?
Ty = (0o + 0y + 03 — yoh?)uy + h(oy — oz)u,(f) + h? <u - Vo_> ul®

If 6 + 01 + 0, = yoh? then there is no O(1) error, to vanish the O(h) term we can use g, = 0y, if

2
these two conditions have been fulfilled, we obtain T}, = h? (% - %) u,(f) + 0(h*), and

. h? . . .
moreover if % = yiz , the approach provides a higher order, so T,, = 0(h*), the natural spline
condition Fy = 0 = F;, and above these conditions have been used to convert equation (3) to a

tridiagonal linear relation, in addition the matrix form is:

1 0 0 - O Fo Up
1 10 1 =~ || A (1) 02 (1) W
0 1 10 -~ F. 12 B - IR
S .. . . 52 = ﬁ 0 1 _2 ., E .
Fr oo Uy —
0 00 o 0 - 0 0 0 .
M M
U

o

[l = i =)
(=N ]

F,
—— ——

Z M

Hence,

12
M= ﬁQU, where Q = Z71R. (®)

The following equation has been obtained by substituting equation (5) in equation (2).
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S.(2) = < Bo(Fi — Fie+1)
“ y212[(Bo — Dk + (Bo — B1)k4l
<(k1 + k2)BoFies1 — (k1P + kz)Fk> (z—2)% + [VZTZ((l — Bodka + (By = Bodka ) [y — 2up44]

) (kleVT(Z—Zk) + kze—YT(Z—Zk))

(21— 2)ky + (2o — 2B1) k4 2hy272[(Bo — Dky + (Bo — B1)k4]
[(2T2h2By — 2B1 + 2Bo)ks + (Y212h* — 2 + 2Bo)k,]Fy
2hy2t2[(By — Dk, + (Bo — B1)k4]
+ [(=y?72h?Bo — 2By + 2B)ky + (=¥ T*h*Bo + 2 — 2B0) k] Fisa (z—z)+
2hy222[(Bo — Dz + (Bo — B)ki] “
[Bo — Dka + (Bo — B)ka]uk + (ky + k) (Fierr — Fi)Bo
Y212[(Bo — Dk + (Bo — B1)k4]

+0(h"), k=01, ..,n

3. Non-polynomial cubic spline function method

Non-polynomial cubic spline functions used in a variety of scientific investigations to analyze
integro-differential equations, Volterra, Fredholm, and mixed Volterra-Fredholm integral equations,
such as [6,15,19,20,21,22]. These investigations have produced highly favorable results, in this
section the proposed methods have been utilized to approximate the proposed volterra, fredholm
integro-differential equations.

Sk (2) has been substituted in equation (1) to obtain:

n b(2)
Nat®(zi) = y(zi) + j k(z Oux)dx
=0 a

a=

M-l Zit1
~y(z) + f k(zy, x)S;(x)dx + 0(h*)
= Bo(Fi — Fie)
- AR yrlx—x;) —yT(x—x;)
v ZO f (e ) [(VZTZ[(Bo—l)kz+(Bo—/31)k1]> (fre +kae )

<(k1 + k2)BoFiv1 — (kB + kz)Fi> (x—x)% + [VZTZ((l — Bodka + (B — Bodk)[w; — 2u;44]
(2By — 2)ky + (2Bo — 2Bk ' 2hy?12[(Bo — Dkz + (Bo — B1)k4]
[(2T2h?By — 2B1 + 2Bo)ky + (Y?1°h* — 2 + 2Bk, ]F;

2hy2t2[(By — Dky + (Bo — B1)k4]

+ [(=y**h*Bo — 2By + 2B)ks + (—y*T*h*By + 2 — ZBO)kZ]FHl] (x —x))
2hy?12[(Bo — Dk, + (Bo — B1)ki] '
[Bo — Dky + (Bo — Bk ]uy + (ky + k) (Fipqr — Fi)Bo 4
¥ Y2e2[(Bo — Dk + (Bo — k] ] dx+ 0D

Assume that

Ar; = byiv1 = fZZiiH k(zk,x)(kleyf(x—xk) + kze—YT(x—xk))dx,
Chi = diirr = [, k(2 0) (6 = 1) dx,
€ri = lkiv1 = fZZiiH k(z, x)(x — x;)dx,

Ziy1
Iri = hiiv1 = fziH k(zy, x)dx.
And ay p = bro = Cim = dio = €m = lko = Gim = hio = 0, then
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n a _ M BoFi BoFi
Za=o Natt®(71) = ¥ () + Lizo [(y2r2[<ﬁo—1>kz+(ﬁo mkll) - (VZTZ[(ﬁo—l)k2+(ﬁo—ﬁ1)k1]) i
(k1B1+k2)F; (k1+k2)BoFi
- ((2ﬁ1—2)k2+(230—2ﬁ1)k1) Cri ¥ ((2ﬁ1—2)k2+(230—231)k1) dk’i
+ [VZTZ[(1—30)7‘2+(ﬁ1—50)k1]ui+[()/2‘52h231—2ﬁ1+230)k1+(yz‘52h2—2+230)k2]Fie )
2hy?72[(Bo—Dkz+(Bo—B1)k1] ol
+ [—ZVZTZ[(1—30)’(2+(ﬁ1—ﬁo)k1]ui+[(—]/2fzh230—250+2/31)k1+(—V2T2h230+2—230)k2]Fi] L -
2hy22?[(Bo—1kz+(Bo—B1)k1] ol
_ [Bo=Dka+(Bo—B1)kalui+(k1+kz)BoFi
Y212[(Bo— Dk +(Bo—B1)k4]
©)

LetA = ak_i,B = bk,i'D = dk,i'E = ek,i,L = lk,i' G = gk,i’ and H = hk,i'

[Bo =Dk +(Bo=B1)ks bty +h)oF i] +0(h®).

gk,l + yzfz[(ﬁo—l)k2+(ﬁo_ﬁl)k1]

z N u*(2o)
Fy Up Yo alzl
) IFl“’U ) Iul“’y ) IXl“’ andnU ) 2 naua(z:l)
F;v; Uy Ym ! :
M
Z naua(ZM)
uo(zo) ul(Zo) . M(Zo)
uo(.Zl) ul(.Z1) - M(Z1) l \
Oz wlz) -~ Wl
Then we get:
U=Y+12[B,A— BB — B3C + 4D + BsE — BsL + PG + BH]F + (10)
[B7E — 2B,L + B,G — B;H —n]U
where
B, = Bo B, = (k1f1 + k3) g, = (k1 + k2)Bo
2Ty [(Bo — Dk + (Bo — Bkal’ ™ 7 (281 — 2)ky + (280 — 2B)ky " T (281 — 2Dk + (20 — 2B1)ky
fe = (V?12h*By — 2By + 2Bo)ky + (Y?T?h* =2+ 2Bk, (k1 + k2)Bo
° 2hy222[(Bo — Dkz + (Bo — B1)ki] PO T y222[(Bo — Dk + (Bo — Buk4]
g, = (Bo — Dky + (Bo — B1)ks
. =

Y212[(Bo — Dk, + (Bo — B1)k4]

Then by substituting equation (8) into equation (10) we obtained:

U= Y+ [,BZA B2B — B5C + 4D + BsE — BsL + BeG + BeHIQU + [B7E — 2B,L + B,G —
BH — U]U

Then
=[I-QoQ — Q1Y (11)
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12
where Qo = -5 [B24 — B2B — B3C + BuD + BsE — BsL + PG + PeH] and Q1 = [B7E — 2f;L +
B-G — B,H — n]. An approximation solution of equation (1) found by solving equation (11), the
following equation is an approximate solution of u,

_ Bo(Fr—Fier1) yr(z-2) ~yr(z-2))
Sk(2) (y2r2 [(Bo—l)kz+(ﬁo—ﬁ1)k1]) (kye ke )

(k1+k2)BoF 41— (k1 Br+k2)Fy _ 2 y212((1-Bo)k2+(B1—Bo)k1 ) [Ax—21p41]
+( @B1-2)Ies + 260261k )&= 2% +| 21222 [(Bo— Dl +(Bo—B k]
[(v272n2 By —2B1+2B0 ) ka+(v2T2h2 =242 )k | P (12)

2hy212[(Bo— 1Dk +(Bo—B1)k4]
[(=v27%n2Bo—2Bo+2B1)k1+(—V2T2h2 Bo+2-2B0) k2| F 41 _
2hy?T2[(Bo- Dk +(Bo—B)ks] [0+
[(Bo—Dka+(Bo—B1)ka+ (k1 +k2) (Frr1—Fr)Bo 4 _
¥212[(Bo— Dk +(Bo—B1)k4] + O(h )’k - 0,1, Tt

+

+

4. Convergence and Error Estimation

In this section, the convergence of the NCSF method for solving equation (1) discussed by
using the following lemma and theorems.

Lemma 4.1. [20, 21] Assume A be a square matrix with ||4]| < 1 then the matrix (I — A4) is
invertible, in addition to ||(I — A) ™|, <

1-lAlleo”
Lemma 4.2. The matrix [ — Q,Q — Q] is invertible if

1QolleollZ™ o lIRlleo + 11011l < 1,
Proof. Let A: = Q¢Q + @1, by Lemma (4.1) I — A be invertible and

17 —QoQ — Q) 7l < ,if Al < 1

1
1-11Q0Q + Qill

In the following the condition that ||A||,, < 1 has been clarified: Assume that k(z, x) is bounded on
[a, b(Z)]Z, and the parameters y, 7, k1, and k, are fixed; then the integral blocks A,B,C,D,E, L, G,
and H are 0(h?),0(h), and 0(1) as given by their definitions, and the f; in equation (10) are
smooth functions of h, therefore hy > 0 such that 0 < h < hg, so

1Q6Q + Q1llo < 1 QolloollQlleo + 11Q1lleo = 1Q0llollz™ o 1R loo + 11Q4 ]l co,

Thus it is sufficient to enforce

1QolloollZ™ o lIR oo + 1 Q4 1l < 1.
Hence [I — QyQ — Q4] is invertible and equation (11) admits a unique solution.

Theorem 4.1. we assume that u is the exact solution and S be an approximate solution, then
|lu—S&||, < Corh*.
u(zo)
u(zy1)

u(z)
by using equations (7)-(9), and the affected system is obtained by entering the exact value of u into
equations (9)-(11).

Proof: Let U* = be the exact nodal vector and U™ the numerical solution of equation (11),

(1- (Qo@Q + Q)U* =Y + 1, lImgllos < Ch* (13)
where C depends on max”u(] )|| . and bounds on k, 7. Let e:= U* — U™. Subtracting
] [0¢]
(I — QoQ — Q)U™ =Y from (13) gives
(I-QQ—0Qe=1, = e=(U—-QyQ—0Q) ',

From Lemma (4.1) and ||r, || < Ch?,
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vt =", < g
© = 1-11QoQ + Q1lleo
Let S K be the global spline built from (U h'F h) with F!* = % QU™ (from (8)). For the exact data

(U™, F*), the interpolation formula (12) gives

! (14)

u(z) — S(U*,F*)(z) = 0(h*) forall z € [a, b(2)] (15)
Decompose the error:
u—St= u—SWU*F*) +SU*"F*)-S(U"F"). (16)
inmﬂ data-to-spline- stability

The first term is O (h*) by equation (15).
For the second term, the spline map S is linear and bounded:

|s* F*) =s(uh F")||_ < Cs (||U* —UM|_ +h2||F* - F“||OO) (17)
From the continuity relation with truncation t,, = 0(h?),

. 12 . (18)
F*—Fh = 7 Q(U* —UM) + Qtp,.
So

12 19
P = P2l = gz el = 7], + 1l e "

Combining equations (17)-(19) with equation (14) and ||t,||c = O (h?) obtained:

Cs(1+12]|1Ql|e)C
SU*F*) — S(U™, F : Ht 4+ Ok
[s@F =W PN, = T g0 + guin v+ 0D

From equation (16),

|lu—SA||, <Cih*+
Therefore, under ||QyQ + Q1 < 1,
o= 0", < e

» =T-11QoQ + Qullr

Here C,, C,,; depend only on the bounds of u'), k, 7, and the fixed method parameters (y, 7, ky, k,),

therefore, it follows ||e|| = 0 as h — 0, then the convergence of the fourth-order NCSF method has
been explained.

t= Ctot h4

1-11Q0Q + Qulleo

h*,

|’LL - SE”OO S CtOt h4

5. Numerical examples and applications

To demonstrate the effectiveness and precision of the proposed six non-polynomial cubic spline
function method, some numerical examples are presented, these examples are chosen to cover a range
of problem types, to illustrate the method's applicability in practical scenarios, all computational
reports obtained by Python 3.12.4.

Example 5.1[15, 6, 18, 1]
Let us consider first-order Fredholm integro-differential equation

1
u'(z) =1 —§+f zxu(x)dx
0

u(0)=0

wheren=1,1n1,=0,1, =1,y(z) =1 —g,k(z,x) =zx,a =0,b(z) = 1,and u(z) = z is the exact
solution.

Reports the numerical results of this example in Table 2. presents a comparison between the exact
solution and the results obtained using the NCSF methods for M = 10, at each collocation point z,
and Table 3. reports the absolute errors between the numerical approximations obtained by NCSF
methods and the best results reported in earlier works for M = 10, also Table 10. consisted of least
square errors for different M.
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Table 2. Absolute Errors with M = 10 for Example 5.1.

Best in [15],

zy NCSF. 1 NCSF. 2 NCSF. 3 NCSF. 4 NCSF. 5 NCSF. 6 Best in [1] [6] and
[18].
0 0.0 0.0 0.0 0.0 0.0 0.0 - 1.0 x 107°
1.2 1.4 1.4 1.4 9
0.1 0.0 10-15 < 10-17 0.0 0.0 < 10-17  x10-17 1.0 x 10
2.8 2.8 2.8 S
0.2 0.0 1017  10-17 0.0 0.0  10-17 0.0 1.0 X 10
1.1 1.1 5.6 S
0.3 0.0 0.0 « 10-16 0.0 0.0 K 10-16 % 10-17 1.0 x 10
0.4 0.0 0.0 0.0 0.0 0.0 0.0 L1 1.0 x 107°
. . . . . . . % 10-16 :
5.6 2.2 5.5 2.2 1.1 S
0.5 x10-7 0.0 x 10716 0.0 x 10717 x 10716 x 10716 1.0x 10
1.1 2.2 2.2 1.1 S
0.6 0.0 < 10-16 < 10-16 0.0 0.0 1016 % 10-16 1.0 x 10
2.2 2.2 1.1 S
0.7 0.0 0.0 o6 0.0 0.0 Cl0m16 % 10-16 2.0 X 10
1.2 1.1 3.3 1.1 4.4 1.1 9
08 10716 x 10716 x 10716 0.0 x 10716 x 10716 x 10716 3.0x10
1.1 4.4 4.9 1.1 4.9 1.1 9
09 x1016  x 10716 x 10715 0.0 x10716  x 10715 xqote 2010
1.1 1.1 1.1 1.1 1.1 1.1 2.2 1
! x 10716 x 10716 x 10716 x 10716 x 10716 x 10716 x 10716 1.3%10
Table 3. Comparison of Exact solution and NCSF method for Example 5.1.
Zy T Exact NCSF. 1 NCSF. 2 NCSF. 3 NCSF. 4 NCSF. 5 NCSF. 6
0 1 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.2 1 0.2 0.2 0.2 0.2 0.2 0.2 0.2
0.4 1 0.4 0.4 0.4 0.4 0.4 0.4 0.4
0.6 1 0.6 0.6 0.6 0.6 0.6 0.6 0.6
0.8 1 0.8 0.8 0.8 0.8 0.8 0.8 0.8
1 1 1 1 1 1 1 1 1
LSE 1 2.8 2.3 2.5 1.2 2.8 2.5
o x 10732 x 10728 x 10729 x 10732 x 10732 x 10729
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Fig. 2. Comparison of absolute errors between NCSF methods and previous methods for Example
5.1.

1.2

Absolute error
o o
[+ =+

o
s

A

—® / o—r‘//
.8 0.9

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 o]

0.0 F—
1.0
z
-@- NCSF1and M=10 -@- NCSF4 and M=10 ~—#— NCSF.6 and M=10
ECSF.2 and M=10 W~ NCSFE5 and M=10 Best in [1]

—#— NCSF.3 and M=10

Fig. 3. Comparison of absolute errors between NCSF methods and Method in [1] for Example 5.1.

Example 5.2[15, 6]

Let us consider first-order fredholm integro-differential equation
1

u'(z) =ze* +e*—z +J zu(x)dx
0
u(0)=0

wheren =1,10=0,n, = 1,y(z) =ze? +e?* —z,k(z,x) =z,a=0,b(z) = 1, and u(z) = ze? is
the exact solution. Reports the numerical results of this example in Table 4. presents a comparison
between the exact solution and the results obtained using the NCSF methods for M = 10, at each
collocation point z;,, and Table 5. reports the absolute errors between the numerical approximations
obtained by NCSF methods and the best results reported in earlier works for M = 10, also Table 10.
consisted of least square errors for different M.

41



An Approach to Volterra and Fredholm. .. J. Basrah Res. (Sci.) 52(1), 31 (2026).

Table 4. Comparison of Exact solution and NCSF method for Example 5.2.

Zy T Exact NCSF. 1 NCSF. 2 NCSF. 3 NCSF. 4 NCSF. 5 NCSF. 6
0 5% 10? 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.2 5% 102 0.24 0.25 0.28 0.24 0.24 0.25 0.24
0.4 5x 102 0.60 0.61 0.66 0.60 0.58 0.58 0.57
0.6 5x 102 1.09 1.12 1.05 1.08 0.98 0.98 1.01
0.8 5% 102 1.78 1.69 1.47 1.64 1.47 1.47 1.56

1 5% 102 2.7 2.06 2.06 2.1 2.12 2.14 2.14

L.S.E. 5% 102 - 9.2 x 1072 3.7x 1071 24x107t 3.5%x 1071 34x1071 27x 1071

Table 5. Absolute Errors with M=10 for Example 5.2.

zZy NCSF. 1 NCSF. 2 NCSF. 3 NCSF. 4 NCSF. 5 NCSF. 6 Best in [15] Best in [6]
0 0.0 0.0 0.0 0.0 0.0 0.0 - -
0.1 1.6x107* 1.3x 1072 6.3x107* 1.3x 1073 1.3x 1073 24x10°8 1.4 x 1073 1.0 x 1072
0.2 1.1x 1073 4.0x 1072 21x1073 1.1x 1073 22x1073 1.2x1073 1.2x1073 2.8x 1072
0.3 8.2x 1073 6.1x 1072 69 x107* 21x1073 24x1073 1.8 x 1072 5.7x 1073 5.1x 1072
0.4 1.9x 1072 6.1 x 1072 1.9x107* 1.9x 1072 1.9x 1072 3.3x1072 5.9 x 1072 7.6 X 1072
0.5 3.0 x 1072 3.0 x 1072 1.5x 1073 5.2 x 1072 5.2 %1072 5.2 %1072 1.3 x1072 9.7 x 1072
0.6 3.0 x 1072 4.3 %1072 1.3x 1072 1.1x 107t 1.1x 107! 8.2x 1072 4.4 %1072 1.1x 107t
0.7 6.8x107* 1.6 x 107! 1.3x 1072 1.9x%x 107t 1.9x 107! 1.5%x 107! 1.4 x 1072 1.0x 107t
0.8 2.3 %1072 3.1x 1072 1.4x 1072 3.1x 1072 3.1x 1072 2.2x1072 1.4 x 1072 7.0 X 1072
0.9 29x 1072 49 x 1072 4.7 x 1072 4.5x 1072 4.4x1072 44 x1072 1.3 x 1072 1.0 x 1072
1 1.3x 107! 21x107? 1.2x 107! 1.2x 107! 58x 107! 58x 107! - 1.6x 1071
0.6
0.5
0.4
8
@
Los3
E
=}
< 0.2
0.1
0.0

~@- NCSF.1 and M=10 ~@- NCSF.4 and M=10 Best in [15]
ECSF.2 and M=10 W NCSF5 and M=10 W Bestin[16]
e NCSF.3 and M=10 > NCSF.6 and M=10

Fig. 4. Comparison of absolute errors between NCSF methods and previous methods for Example
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5.2.
Looking at Tables 4 and 5, we can see that Example 2 has bigger absolute errors than Example 1. This
is mostly because the test problem is getting harder and more sensitive, which causes bigger truncation
and discretisation errors for all number schemes. Still, the numbers show that the suggested method
makes a lot less error than other methods that have been published before when the same discretisation
parameters are used. In this case, it shows that the proposed method is more accurate and reliable,
even for harder assessments.

Example 5.3

Let us consider first-order volterra integro-differential equation
z

u(z) +u'(z) =sin (z) — 1 + 2cos (2) + J u(x)dx
0
u(0)=20

where n=1,1m79, = 1,y(z) =sin(z) — 1+ 2cos (2),k(z,x) =1,a=0,b(z) =z, and u(z) =
sin (z) is the exact solution.

Reports the numerical results of this example in Table 6. presents a comparison between the exact
solution and the results obtained using the NCSF methods for M = 10, at each collocation point z,
and Table 7. reports the absolute errors obtained by the NCSF methods for M = 20, also Table 10.
consisted of least square errors for different M.

Table 6. Comparison of Exact solution and NCSF method for Example 5.3.

z T Exact NCSF. 1 NCSF. 3 NCSF. 4 NCSF. 5 NCSF. 6
2 4.3 -4 -4
0 1x10 0.0 % 10-8 2.8x10 0.0 0.97 3.6 x10
0.2 1 x 102 0.20 0.20 0.20 0.21 0.20 0.20
0.4 1 x 102 0.39 0.39 0.4 0.42 0.41 0.39
0.6 1 x 102 0.57 0.59 0.59 0.63 0.63 0.59
0.8 1 x 102 0.72 0.78 0.78 0.83 0.82 0.77
1 1 x 102 0.84 0.97 0.98 0.98 0.98 0.97
LS.E. 1 x 102 - % 13'_12 22x1072  24x107' 99x107! 24x1072

0.05

Absolute error

-@- NCSF.1 and M=20 @®- NCSF4 and M=20 %~ NCSF.6 and M=20
NCSF.3 and M=20 ¥~ NCSF5 and M=20

Fig. 5. Comparison of absolute errors between NCSF methods for Example 5.3.
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Table 7. Absolute Errors with M=10 for Example 5.3.

Zy NCSF. 1 NCSF. 3 NCSF. 4 NCSF. 5 NCSF. 6
0 8.1x1077 1.9 x 107* 0.0 49 x 1072 2.1x107*
0.1 12x107% 51x10™* 83x107* 69x107* 57x107*
02 25x107° 47x10™* 1.0x107* 31x107*  47x107*
0.3 1.1x107* 3.8x107* 1.5%x 1073 38x107* 9.1x107*
04 3.0x10™* 85x107* 23x1073 1.2x107% 32x107*
0.5 6.9x10™* 42x107* 3.5%x 1073 26x107% 2.0x1073
06 14x107% 21x107® 48x1073 40x107% 6.0x107*
0.7 2.4 x1073 2.7x1073 6.2x 1073 55x107% 45x1073
0.8 39x1073 48x 1073 7.5x 1073 6.9 x 1073 3.1x1073
0.9 6.1x 1073 7.5%x 1073 8.6 x 1073 82x107% 97x1073
1 9.1 x 1073 1.0 x 1072 93x 1073 93x 1073 8.0x 1073
Example 5.4
Let us consider third-order volterra integro-differential equation
4 2 z
z z
u(z) +u'"'(2) = -t z3 otz 6+ f u(x)dx
0

u(0) =0,u'(0) =1,u"(0)=0

wheren = 3,193 = 1,171, =0,y(2) = —§+Z3 —§+Z +6,k(z,x)=1,,a=0,b(z) =z, and
u(z) = z3 + z is the exact solution.
Reports the numerical results of this example in Table 8. presents a comparison between the exact
solution and the results obtained using the NCSF methods for M = 10, at each collocation point zj,
and Table 9. reports the absolute errors obtained by the NCSF methods for M = 20, also Table 10.
contained least square errors for different M.

Table 8. Comparison of Exact solution and NCSF method for Example 5.4.

zy T Exact NCSF. 1 NCSF. 3 NCSF. 4 NCSF. 5 NCSF. 6
0 1x107?2 0.0 0.0 1.18 x 107* 0.0 0.0 1.3x107*
0.2 1x107? 0.208 0.233 0.233 0.224 0.229 0.240
0.4 1x107?2 0.464 0.499 0.515 0.499 0.502 0.527
0.6 1x107?2 0.816 0.858 0.852 0.852 0.860 0.865
0.8 1x107? 1.312 1.354 1.347 1.347 1.356 1.360
1 1x107? 2 2.044 2.036 2.035 2.046 2.051
L.S.E. 1x107? - 6.85x 1073 22x1072 4.6 x 107* 6.9 x 1073 1.2 x 1072
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Fig. 6. Comparison of absolute errors between NCSF methods for Example 5.4.
Table 9. Absolute Errors with M=20 for Example 5.4.
Zy NCSF. 1 NCSF. 3 NCSF. 4 NCSF. 5 NCSF. 6
0 0.0 1.2x107% 0.0 0.0 1.3x1073
0.1 22x107% 55x1073 53x1073 6.6 x107% 1.3 x1073
0.2 81x107% 57x1073 75x1073 11x1072 1.2x107?
0.3 1.6 x1072 21x1072 1.2x1072 1.6 x1072 13x 1072
0.4 25x107% 25x107% 1.7x107? 21x107%2 3.2x1072
0.5 33x1072 40x107%2 22x1072 27x107%2 2.0x1073
0.6 38x1072 44x1072 27x1072 3.1x1072 53x1072
0.7 41%x107% 53x107%2 3.1x10°? 35x1072  4.1x107?
0.8 35x1072 51x1072 3.5x1072 38x1072 6.3x1072
0.9 23x107%2 45x1072 3.8x1072 41%x107%2 3.1x1072
1 42x1072 3.6x1072 4.2x 1072 44x1072 49x1072
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Fig. 7. Least Square Errors (Table 10)
Table 10. Least Square Errors.
Example M NCSF. 1 NCSF2 NCSF. 3 NCSF. 4 NCSF. 5 NCSF. 6
16 28x1073 48x%x1073 9.7 x 107° 9.9 x 1073 99 x 1073 1.1x 1072
64 5.6 x 1077 71x107®  1.3x107° 6.6x107°  66%x107°  69x107°
5.2
128 29x1077 3.5x1077 1.4 x 107 49 x 107 49 x 107 5.1x107°
254 3.5x1078 1.3x1077 1.2x 1077 3.5x 1077 3.5x 1077 3.6 x1077
16 6.3 x 107* - 5.5x 107* 1.2x1073 3.7x 107! 7.0 x 107*
64 6.7 x 107° - 1.4 x 1078 1.5x 1078 24 %1072 2.8x1078
5.3
128 1.4 x 1071 - 1.8 x 10710 1.7 x 107 6.1x1073 29 x 10710
254 5.3 x 10714 - 3.2x 10712 1.4 x 10712 1.6 x 1073 42 %x 10712
16 8.2x1073 - 9.9 %1073 6.8x107* 21x1073 1.2 x 1072
64 6.0 x 107* - 6.2x107* 6.0 x 107* 6.2x107* 6.1x107*
5.4
128 48x107° - 48x107° 48x107° 48x107° 48x107°
254 3.4 x107° - 3.4x107° 34x10°° 34x10°° 34x10°¢
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In addition to the examples shown in Examples 1-4, Tables 2—10, and Figures 2—7, the suggested non-
polynomial spline method is fully supported by these sources. The error values shown in the tables
show that the numerical solutions are pretty close to the exact answers. This confirms up what we
assumed would occur with convergence. In particular, the suggested method consistently gets better
results than other methods that have been published with the same discretisation parameters, even
though some examples have relatively larger absolute errors because the problems are more
complicated. The table and graph results in the figures show that the suggested method works
efficiently and consistently across a variety of test cases. Overall, these numerical experiments confirm
the theoretical analysis and show that the proposed method works.

6. Conclusion

This study presents an effective numerical technique utilising six non-polynomial cubic spline
functions to approximate solutions for integro—Volterra—Fredholm differential equations. The
suggested method augments standard spline techniques by integrating new non-polynomial basis
terms, therefore significantly enhancing the scheme's ability to represent oscillatory and rapidly
shifting solution behaviours. The suggested approach offers significant advantages, including
excellent numerical accuracy and computing efficiency, as demonstrated by the theoretical
convergence analysis and accompanying numerical demonstrations. The method produces accurate
approximations with fewer grid points relative to different existing numerical techniques, providing it
both accurate and efficient. Furthermore, the consistent formulation enables the method to be applied
effectively to both Volterra and Fredholm integro-differential cases.

A significant advantage of the proposed framework is its flexibility and extensibility, providing
it accessible for academics aiming to construct novel numerical schemes grounded in comparable
concepts. The construction procedure employed in this study can be systematically utilised to devise
various non-polynomial spline methods by changing the basis functions, continuity criteria, or
collocation techniques. The current method can be expanded to include adaptive spline formulations,
integro-differential equation systems, and higher-dimensional challenges in future study. Subsequent
study may concentrate on integrating the proposed spline technique with spectral or wavelet-based
methodologies to enhance precision for intricate models encountered in applied sciences and
engineering. These instructions offer a robust basis for researchers to develop and enhance the
suggested numerical framework.
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