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This paper investigates the projection operator in chordal 

transform connected with bounded linear operator on a 

separable Hilbert space. One projection operator is 

introduced by expanding a normalized form of the 

generalized derivation induced by the given operator, 

leading to a new formulation of a chordal transform. In 

addition, the Hilbert-Schmidt norm, Schatten P-norm and 

structural properties of the projection operator in chordal 

transform are examined in the case of self-adjoined 

operator, with providing the comparison between the new 

form of chordal transform and corresponding the 

generalized derivation. 
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1. Introduction  

From [1], let ⍴ be an operator of 𝐻, when 𝐻 is Hilbert space then ⍴ is called a projection if the 

following conditions are hold: 

⍴ 2 = ⍴  𝑎𝑛𝑑 ⍴ ∗ = ⍴ , when  ⍴∗ be a self-adjoint of ⍴.  

If ⍴ is a projection operator on 𝐻, then it is linear and bounded. 

Let B(H) represent the 𝐶∗-algebra of all bounded linear operators on a separable Hilbert space, as 

defined in [2].  

The generalized derivation  𝑃𝐴 of the projection operator Q on B(H) is defined as follows: 

 

⍴𝐴 = 𝑄𝑋𝑄∗ − 𝑋 

for all of  𝑋 ∈ 𝐵(𝐻). 
If ⍴ is a projection and normed operator on 𝐵(𝐻), then the derivation ⍴𝐴 is said to be a generalized 

normal derivation [2]. Moreover, for 𝑄  ∈ 𝐵(𝐻)  and all 𝑋 ∈ 𝐵(𝐻) , the formula of the chordal 

transformation 𝐺𝑄  as an operator on 𝐵(𝐻) is defined by 

𝐺𝑄(𝑋) = (|𝑄∗|2 + 𝐼)−1
2⁄  ⍴𝑄(𝑋) (|𝑄|2 + 𝐼)−1

2⁄ , 

where 𝑄 is a projection operator on 𝐵(𝐻). 
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The chordal transform has some geometric properties that resembles those of the chordal distance. 

Recall that the chordal distance between any two complex numbers a and b is given by 

𝑑(𝑥, 𝑦) =
|𝑥 − 𝑦|

√|𝑥|2 + 1√|𝑦|2 + 1
 . 

It is obvious to see 

𝑑(𝑥, 𝑦) ≤ 1 

for all 𝑥, 𝑦 ∈ ℂ, for more information, see [3, pp. 316-317]. 

Several authors ([4], [5], [6], [7], [8] and [9]) have been extensively studied the orthogonality of the 

range and the kernel with certain derivation. 

Furthermore, for more transforms of operators in Hilbert Space, see [10],[11],[12], and other space 

[13]. 

2. Basic Concepts  

This section covered some definitions and theorems that will be useful. 

Definition (2.1) [12] 

A bounded linear operator 𝑄 ∈ 𝐵(𝐻) on a separable Hilbert space 𝐻 is called a compact operator if 

its singular values 𝑆1(𝑄) ≥ 𝑆2(𝑄) ≥ ⋯ ≥ 0 tends to zero,  

 i.e. the eigenvalues of ∣ 𝑄 ∣= (𝑄∗𝑄)1/2.  

Definition (2.2) [2] 

Unitary invariant norms of Spectral norm on 𝐵(𝐻) denoted by |‖. ‖| on a norm ideal 𝐶|‖.‖| associated 

with it, when 𝐶|‖.‖| is Banach space under the norm by satisfying the invariance property 

|‖𝑃1𝑄𝑃2‖| = |‖𝑄‖|  
for all  𝑄 ∈ 𝐶|‖.‖|. 

 Furthermore, for all unitary operator 𝑃1, 𝑃2 ∈ 𝐵(𝐻), with applying the symmetry condition  

|‖𝑃3𝑄𝑃4‖| ≤ |‖𝑃3‖| ‖𝑃4‖ 

for all 𝑄 ∈ 𝐶|‖.‖|  and 𝑃3, 𝑃4 ∈ 𝐵(𝐻)[2],  

Remark (2.3) [2] 

Every unitary invariant norm of an operator is symmetric function of its singular value. 

Definition (2.4) [14] 

A compact operator 𝑄 ∈ 𝐵(𝐻) is called a trace class if the sum of its singular values is finite,  

∥ 𝑄 ∥1= ∑ 𝑆𝑗

∞

𝑗=1

(𝑄) < ∞. 

The trace of 𝑄 is defined as  

tr (𝑄) = ∑⟨𝑄

𝑗

𝑒𝑗, 𝑒𝑗⟩ 

for any orthonormal basis (𝑒𝑗) of 𝐻 from [14]. 

Definition (2.5) [2] 

Let 𝑄1, 𝑄2 ∈ 𝐵(𝐻), the Hilbert- Schmidt become Hilbert space by the following condition 

〈𝑄1, 𝑄2〉 = 𝑡𝑟𝑄2
∗𝑄1 = 𝑡𝑟𝑄1𝑄2

∗, 

where 𝑡𝑟 is the trace functional. 

Furthermore, for {𝑒𝑖} and {𝐺𝑗} are any orthonormal bases for 𝐻 then the norm of Hilbert-Schmidt 

defined by  
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‖𝑄‖2 = (𝑡𝑟 𝑄∗𝑄 )
1

2⁄ = (∑ |〈𝑄𝐺𝑗, 𝑒𝑖〉|
2∞

𝑖,𝑗=1 )
1

2⁄
.  

Properties of the Trace Functional (2.6) [14] 

Let 𝑄1, 𝑄2 ∈ 𝐵(𝐻) be trace class operators. The trace functional  satisfies the following properties: 

1.  tr(𝛼𝑄1 + 𝛽𝑄2) = 𝛼 tr(𝑄1) + 𝛽 tr(𝑄2) , for all 𝛼, 𝛽 ∈ ℂ; 

2.  tr(𝑄1𝑄2) = tr(𝑄2𝑄1); 

3. tr (𝑄1
∗) = tr (𝑄1)̅̅ ̅̅ ̅̅ ̅̅ ̅; 

4.  If 𝑄1 ≥ 0, then tr (𝑄1) ≥ 0; 

5. ∣ tr (𝑄1) ∣≤∥ 𝑄1 ∥1, where ∥ 𝑄1 ∥1is the trace norm of 𝑄1; 

6. tr(𝑃∗𝑄𝑃) = tr(𝑄), for any unitary operator 𝑃 ∈ 𝐵(𝐻). 

Definition (2.7) [2] 

Let 𝑄 be a compact operator of 𝐵(𝐻), Schatten 𝑝 −norms defined as 

‖𝑄‖𝑝 = (∑ 𝑆𝑗
𝑝

(𝑄)∞
𝑗=1 )

1
𝑝⁄

≤ ∞, 

where 𝑆1(𝑄) ≥ 𝑆2(𝑄) ≥ ⋯  ≥ 0 be a singular value of 𝑄 or the eigenvalues of  

|𝑄| = (𝑄∗𝑄)
1

2⁄  . The Schatten 𝑝-classes or norm 𝐶𝑝 classified by the value of  𝑝,  

𝐶1 is called a trace class, 𝐶2 is a Hilbert-Schmidt class, and 𝐶∞-compact operator class when 𝑝 = 1, 
  𝑝 = 2, and  𝑝 = ∞ respectively.  

Furthermore, for more inequalities for the Hilbert-Schmidt norm see [15]. 

3. Main Results 

Lemma (3.1) 

Let 𝑄 be a projection operator on 𝐵(𝐻) then 𝑄𝑋𝑄∗ − 𝑋 = 𝑄𝑋𝑄 − 𝑋, for all 𝑋 ∈ 𝐵(𝐻). 
Proof. 

Since 𝑞 is projection operator, so 𝑄 = 𝑄∗. 

Thus, 𝑄𝑋𝑄∗ − 𝑋 = 𝑄𝑋𝑄 − 𝑋∎ 

Example (3.2) 

Let 𝐴́ = (
0 𝐴
0 0

), where 𝐴 be a projection operator on 𝐵(𝐻) and 𝑋 =́ (
0 𝑋
𝑋 0

). 

So  𝐴𝑋𝐴∗ − 𝑋 = (
0 𝐴
0 0

) (
0 𝑋
𝑋 0

) (
0 𝐴∗

0 0
) = (

0 0
0 𝑋𝐴

). 

Then, 𝐺𝐴(𝑋) = (|𝐴∗|2 + 𝐼)
−1

2⁄ (𝐴𝑋𝐴∗ − 𝑋)(|𝐴|2 + 𝐼)
−1

2⁄  

                     = ((
0 𝐴
0 0

) + (
1 0
0 1

))

−1

(
0 0
0 𝑋𝐴

) 

                     =((
1 𝐴
0 1

)
−1

(
0 0
0 𝑋𝐴

)) = ((
1 −𝐴
0 1

) (
0 0
0 𝑋𝐴

)). 

Therefore,  𝐺𝐴(𝑋) = (
0 −𝑋𝐴
0 𝑋𝐴

). 

Theorem (3.3) 

Let 𝑄 be a projection operator on 𝐵(𝐻) then ‖𝐺𝑄(𝑋)‖ ≤ ‖⍴𝑄(𝑋)‖, for all 𝑋 ∈ 𝐵(𝐻). 
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Proof. 

Since 𝑄 is a projection operator on 𝐵(𝐻), so 𝑄2 = 𝑄∗ = 𝑄. 

And then w|𝑄∗|2 = 𝑄∗𝑄 = 𝑄𝑄 = 𝑄2 = 𝑄, also 𝑄 ≥ 0 so 𝑄 ≤ 𝐼. 
Now, 𝐼 ≤ 𝐼 + 𝑄 ≤ 2𝐼 

          
1

2
≤ (𝐼 + 𝑄)−1 ≤ 𝐼 

So (𝐼 + 𝑄)−1 ≤ 𝐼 ⋯ (∗) 

Then, ‖𝐺𝑄(𝑋)‖ = ‖(|𝑄∗|2 + 𝐼)
−1

2⁄ (𝑄𝑋𝑄∗ − 𝑋)(|𝑄|2 + 𝐼)
−1

2⁄ ‖ 

                         = ‖(𝑄 + 𝐼)
−1

2⁄ (𝑄𝑋𝑄 − 𝑋)(𝑄 + 𝐼)
−1

2⁄ ‖ 

                         = ‖(𝑄 + 𝐼)−1(𝑄𝑋𝑄 − 𝑋)‖ 

                         = ‖(𝑄 + 𝐼)−1‖‖(𝑄𝑋𝑄 − 𝑋)‖ ≤ ‖(𝑄𝑋𝑄 − 𝑋)‖ ⋯ {𝑏𝑦(∗)}. 

Thus, ‖𝐺𝑄(𝑋)‖ ≤ ‖(𝑄𝑋𝑄 − 𝑋)‖ 

Hence, ‖𝐺𝑄(𝑋)‖ ≤ ‖⍴𝑄(𝑋)‖∎ 

Corollary (3.4) 

Let 𝑄 be a projection operator on 𝐵(𝐻) of chordal transform 𝐺𝑄  then  

‖𝐺𝑄(𝑋)‖ ≤ ‖𝑋‖. 

Proof. 

From (3.2) we have: 

‖𝐺𝑄(𝑋)‖ ≤ ‖(𝑄𝑋𝑄 − 𝑋)‖, 

and ‖(𝑄𝑋𝑄 − 𝑋)‖ ≤ ‖𝑄𝑋𝑄‖ − ‖𝑋‖  
                                    ≤ ‖𝑄𝑋𝑄‖ + ‖𝑋‖ 

                                    = ‖𝑄‖‖𝑋‖‖𝑄‖ + ‖𝑋‖ 

                                    ≤ ‖𝑋‖ + ‖𝑋‖ = 2‖𝑋‖ 

Hence,  ‖𝐺𝑄(𝑋)‖ ≤ ‖𝑋‖∎ 

Corollary (3.5) 

Let 𝑄 be a projection operator on 𝐵(𝐻) then 𝐺𝑄(𝑋) = 0 if and only if 𝑄𝑋𝑄 = 𝑋, for all 𝑋 ∈ 𝐵(𝐻). 

Proof. 

Since 𝑄 is a projection operator on 𝐵(𝐻), so 𝑄2 = 𝑄∗ = 𝑄. 

Now, let assume that 𝐺𝑄(𝑋) = 0, we have to show 𝑄𝑋𝑄 = 𝑋. 

𝐺𝑄(𝑋) = (𝑄 + 𝐼)−1(𝑄𝑋𝑄 − 𝑋) = 0. 

Then (𝑄𝑋𝑄 − 𝑋) = 0, since (𝑄 + 𝐼)−1 ≠ 0. 

Thus, 𝑄𝑋𝑄 = 𝑋. 

Conversely, let 𝑄𝑋𝑄 = 𝑋, 
 𝑠𝑜 𝑄𝑋𝑄 − 𝑋 = 0. 

Then we have to prove 𝐺𝑄(𝑋) = 0 

𝐺𝑄(𝑋) = (𝑄 + 𝐼)−1(𝑄𝑋𝑄 − 𝑋) = 0. 

Hence, the proof is complete. ■ 

Remark (3.6) 

From above corollary we can define ker 𝐺𝑄 as  

ker 𝐺𝑄 = {𝑋 ∈ 𝐵(𝐻)\𝑄𝑋𝑄 = 𝑋}. 

Corollary (3.7) 

If 𝑄 is a projection operator on 𝐵(𝐻), then 

|‖𝐺𝑄(𝑋)‖| ≤ |‖⍴𝑄(𝑋)‖|. 

Proof. 

From (2.2) and (𝐼 + 𝑄)−1 ≤ 𝐼 , it follows: 

|‖𝐺𝑄(𝑋)‖| = |‖(𝑄 + 𝐼)−1(𝑄𝑋𝑄 − 𝑋)‖| ≤ |‖(𝑄 + 𝐼)−1‖| |‖𝑄𝑋𝑄 − 𝑋‖| ≤ |‖𝑄𝑋𝑄 − 𝑋‖|

= |‖⍴𝑄(𝑋)‖| 

Thus,  |‖𝐺𝑄(𝑋)‖| ≤ |‖⍴𝑄(𝑋)‖|∎ 



A. O. Karim 

54 

 

 

Theorem (3.8) 

If 𝑄, 𝑊 ∈ 𝐵(𝐻), when 𝑄 is a projection operator and normal, 𝑊 ∈ 𝐶2 with 𝑄𝑊∗𝑄 = 𝑊∗, then   

‖⍴𝑄  (𝑋) + 𝑊‖2
2 = ‖⍴𝑄  (𝑋)‖2

2 + ‖𝑊‖2
2,  

for all 𝑋 ∈ 𝐵(𝐻). 
Proof. 

From (2.5) and (2.7) we can have 

‖⍴𝑄  (𝑋) + 𝑊‖
2

2
= 〈⍴𝑄  (𝑋) + 𝑊, ⍴𝑄  (𝑋) + 𝑊〉 = ‖⍴𝑄 (𝑋)‖2

2 + 2 𝑅𝑒〈⍴𝑄 (𝑋), 𝑊〉 + ‖𝑊‖2
2 

Now we have to show 〈⍴𝑄  (𝑋), 𝑊〉 = 0. 

Since 𝑄𝑊∗𝑄 = 𝑊∗ , and Q is projection operator, 

so 𝑄𝑊∗ 𝑄∗ = 𝑊∗  and 𝑄𝑊∗𝑄 = 𝑄∗, then we have 

〈⍴𝑄  (𝑋), 𝑊〉 = 𝑡𝑟 (𝑊∗⍴𝑄  (𝑋)) = 𝑡𝑟(𝑊∗𝑄𝑋𝑄 − 𝑄𝑊∗𝑄𝑋) 

=  𝑡𝑟(𝑊∗𝑄𝑋𝑄) − 𝑡𝑟(𝑄𝑊∗𝑄𝑋) 

=  𝑡𝑟(𝑄𝑊∗𝑄𝑋) − 𝑡𝑟(𝑄𝑊∗𝑄𝑋) 

tr((𝑄𝑊∗𝑄 − 𝑄𝑊∗𝑄)𝑋) = 𝑡𝑟(0) = 0. 

Thus, 〈⍴𝑄  (𝑋), 𝑊〉 = 0 

Hence, ‖⍴𝑄  (𝑋) + 𝑊‖
2

2
= ‖⍴𝑄  (𝑋)‖

2

2
+ ‖𝑊‖2

2  ∎ 

Theorem (3.9) 

Let 𝑄, 𝑊 ∈ 𝐵(𝐻), where 𝑄 is a projection operator and normal, 𝑊 ∈ 𝐶2 and 𝑄𝑊∗Q = 𝑊∗, then 

‖𝐺𝑄  (𝑋) + 𝑊‖
2

2
= ‖𝐺𝑄 (𝑋)‖

2

2
+ ‖𝑊‖2

2. 

Proof.  

Since 𝑄 ∈ 𝐶2, then let 𝐺𝑄(𝑋) + 𝑊 ∉ 𝐶2, so  𝐺𝑄(𝑋) ∉ 𝐶2. 

So, by (2.5) and (2.7) ‖𝐺𝑄  (𝑋)‖
2

2
= ∞. 

Then ‖𝐺𝑄 (𝑋)‖
2

2
+ ‖𝑊‖2

2 = ∞. 

Now suppose that 𝐺𝑄(𝑋) + 𝑄 ∈ 𝐶2. 

Since Q is projection operator and 𝑄𝑊∗𝑄 = 𝑊∗. 

Then 𝑄∗𝑊∗𝑄 = 𝑊∗or  𝑄𝑊∗𝑄∗ = 𝑊∗. 

Thus, 𝑊∗𝐺𝑄(𝑋) ∈ 𝐶2. 

tr 𝑊∗𝐺𝑄(𝑋) = tr 𝑊∗  ((|𝑄∗|2 + 𝐼)
−1

2⁄ (𝑄𝑋𝑄∗ − 𝑋)(|𝑄|2 + 𝐼)
−1

2⁄ )        

                     = tr 𝑊∗(|𝑄∗|2 + 𝐼)
−1

2⁄ 𝑄𝑋𝑄∗(|𝑄|2 + 𝐼)
−1

2⁄ − tr 𝑊∗(|𝑄∗|2 + 𝐼)
−1

2⁄ 𝑋(|𝑄|2 + 𝐼)
−1

2⁄      

                     =  tr 𝑄∗𝑊∗𝑄(|𝑄∗|2 + 𝐼)
−1

2⁄ 𝑋(|𝑄|2 + 𝐼)
−1

2⁄ − tr 𝑊∗(|𝑄∗|2 + 𝐼)
−1

2⁄ 𝑋(|𝑄|2 + 𝐼)
−1

2⁄  

                     =  tr 𝑊∗(|𝑄∗|2 + 𝐼)
−1

2⁄ 𝑋(|𝑄|2 + 𝐼)
−1

2⁄ − tr 𝑊∗(|𝑄∗|2 + 𝐼)
−1

2⁄ 𝑋(|𝑄|2 + 𝐼)
−1

2⁄   

                     = 0 

Therefore, tr 𝑊∗𝐺𝑄(𝑋) = 0. 

Hence, ‖𝐺𝑄  (𝑋) + 𝑊‖
2

2
= ‖𝐺𝑄 (𝑋)‖

2

2
+ 2𝑅𝑒 𝑡𝑟 𝑊∗𝐺𝑄(𝑋) + ‖𝑊‖2

2 

                                           =  ‖𝐺𝑄  (𝑋)‖
2

2
+‖𝑊‖2

2∎ 

4. Conclusion 

This paper introduced new formula for generalized derivation ⍴𝑄(𝑋), where 𝑄 is defined as a 

projection operator on 𝐵(𝐻). This simplifies the Chordal transform formula for solving problems 

under particular projection conditions (𝑄2 = 𝑄∗ = 𝑄). Furthermore, utilizing the norm operator in 

some theory, norm equality and inequality between  𝐺𝑄(𝑋) and ⍴𝑄(𝑋) are shown in a straightforward 

and understandable manner. Finally, in certain results, we illustrated the Kernel of Chordal Transform, 

which may lead to further results in future work. 
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 حول المؤثر الأسقاطي في مؤثر التحويل الوتري

 *كريمأفين أو.  

 . العراق قسم العلوم الرياضية كلية التعليم الأساسي جامعة السليمانية، السليمانية، 

 معلومات البحث الملخص 

المرتبط بمؤثر خطي   الوتريتحويل  التتناول هذه الورقة البحثية مُؤثر الإسقاط في  

جديد من خلال توسيع   يمُؤثر إسقاط  تم تقديممحدود على فضاء هيلبرت قابل للفصل.  

م الناتج عن هذا المُؤثر، مما يؤُدي إلى صياغة جديدة  تحويل للصيغة للاشتقاق المُعمَّ

إلى ذلك،  الوتري ،  التحويل الوتريخصائص مُؤثر الإسقاط في    تم اختبار. إضافةً 

، والخصائص البنيوية، وذلك P-شميدت، ومعيار شاتن-لك معيار هيلبرتبما في ذ

  للتحويل الوتري في حالة المُؤثر ذاتي الاقتران، مع تقديم مقارنة بين الصيغة الجديدة  

م المُقابل لها.  والاشتقاق المُعمَّ

   2025كانون أول  08الاستلام        

   2026شباط   03      لمراجعة ا

 2026شباط   07القبول          

 2026حزيران  30النشر           

 المفتاحية الكلمات  

المؤثر الأسقاطي، مؤثر التحويل 

، معيار  P-الوتري، معيار شاتن

 شميدت.-هلبرت
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