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1. Introduction

This paper investigates the projection operator in chordal
transform connected with bounded linear operator on a
separable Hilbert space. One projection operator is
introduced by expanding a normalized form of the
generalized derivation induced by the given operator,
leading to a new formulation of a chordal transform. In
addition, the Hilbert-Schmidt norm, Schatten P-norm and
structural properties of the projection operator in chordal
transform are examined in the case of self-adjoined
operator, with providing the comparison between the new
form of chordal transform and corresponding the
generalized derivation.

From [1], let p be an operator of H, when H is Hilbert space then p is called a projection if the

following conditions are hold:

p2=pandp* =p,when p*be aself-adjoint of p.
If p is a projection operator on H, then it is linear and bounded.
Let B(H) represent the C*-algebra of all bounded linear operators on a separable Hilbert space, as

defined in [2].

The generalized derivation P, of the projection operator Q on B(H) is defined as follows:

for all of X € B(H).

pa=0QXQ" —X

If p is a projection and normed operator on B(H), then the derivation p4 is said to be a generalized
normal derivation [2]. Moreover, for Q € B(H) and all X € B(H), the formula of the chordal
transformation G, as an operator on B(H) is defined by

Go(X) = (1Q" 12 + )72 po(X) (1QI + )77z,
where Q is a projection operator on B(H).
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The chordal transform has some geometric properties that resembles those of the chordal distance.
Recall that the chordal distance between any two complex numbers a and b is given by

|x =yl
JIP+1/lyP+1

d(x,y) <1

d(x,y) =

It is obvious to see

for all x, y € C, for more information, see [3, pp. 316-317].

Several authors ([4], [5], [6], [7], [8] and [9]) have been extensively studied the orthogonality of the
range and the kernel with certain derivation.

Furthermore, for more transforms of operators in Hilbert Space, see [10],[11],[12], and other space
[13].

2. Basic Concepts
This section covered some definitions and theorems that will be useful.
Definition (2.1) [12]
A bounded linear operator Q € B(H) on a separable Hilbert space H is called a compact operator if

its singular values S;(Q) = S,(Q) = -+~ = 0 tends to zero,
i.e. the eigenvalues of | Q |= (Q*Q)'/2.

Definition (2.2) [2]
Unitary invariant norms of Spectral norm on B(H) denoted by ||| ||| on a norm ideal C;; associated
with it, when €y, is Banach space under the norm by satisfying the invariance property

1P QP Il = [lllll
forall Q € C||||||

Furthermore, for all unitary operator P,, P, € B(H), with applying the symmetry condition

HIPs QP < HIPsII] 1| Pyl
for all Qe C|||||| and P;,P, € B(H)[Z],

Remark (2.3) [2]
Every unitary invariant norm of an operator is symmetric function of its singular value.

Definition (2.4) [14]
A compact operator Q € B(H) is called a trace class if the sum of its singular values is finite,

1Q1h=) 5@ <e.
=1
The trace of Q is defined as
() = ) (Qepe)
j
for any orthonormal basis (e;) of H from [14].

Definition (2.5) [2]
Let Q, Q, € B(H), the Hilbert- Schmidt become Hilbert space by the following condition

(Q1,Q2) = trQ,"Qy = trQ,Q7",

where tr is the trace functional.
Furthermore, for {e;} and {G;} are any orthonormal bases for H then the norm of Hilbert-Schmidt
defined by
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Q12 = (tr @*@) 2 = (£55-4(QG;, el->|2)1/ g
Properties of the Trace Functional (2.6) [14]
Let Q, Q, € B(H) be trace class operators. The trace functional satisfies the following properties:
1. tr(aQq + BQy) = atr(Q,) + ptr(Q,),forall a, B € C;
2. tr(Q,Q) = tr(Q2Q1);
3. tr(Q:") =tr(Qu;
4. 1fQ, =0, thentr (Q,) = 0;
5. 1tr(Qy) Il Q4 ll;, where || Q; ll1is the trace norm of Q4 ;

6. tr(P*QP) = tr(Q), for any unitary operator P € B(H).

Definition (2.7) [2]
Let Q be a compact operator of B(H), Schatten p —norms defined as

1
loll, = (272: 57 (@) "<,
where S;(Q) = S,(Q) = -+ = 0 be a singular value of Q or the eigenvalues of
Q] = (Q*Q)l/z . The Schatten p-classes or norm C, classified by the value of p,
C, is called a trace class, C, is a Hilbert-Schmidt class, and C.,-compact operator class when p = 1,
p = 2,and p = oo respectively.
Furthermore, for more inequalities for the Hilbert-Schmidt norm see [15].

3. Main Results

Lemma (3.1)

Let Q be a projection operator on B(H) then QXQ* — X = QXQ — X, forall X € B(H).
Proof.

Since q is projection operator, so Q = Q*.

Thus, QXQ* — X = QXQ — Xm

Example (3.2)

LetA = (8 ‘g) where A be a projection operator on B(H) and X = (

soaxa=x=(3 )z 0o 9)=(o x)

Then, G,(X) = (|A*12 + 1) 2(AxA* — X)(A12 + 1) />
-1
(@ DG D) €
. ~
(G076 )¢ H6 L)

)

x o)

Therefore, G4(X) = (

Theorem (3.3)
Let Q be a projection operator on B(H) then ||Go (X)|| < ||po (X)) ||, for all X € B(H).

52



On the Role of the Projection Operator... J. Basrah Res. (Sci.) 52(1), 50 (2026).

Proof.
Since Q is a projection operator on B(H), so Q% = Q* = Q.
Andthenw|Q*|? =Q*Q=0QQ =Q?=Q,alsoQ >0s0Q < I.
Now, I <1+ Q <21

SSU+QT<I
So(I+Q) 1<l ()
Then, [|Go (0| = [|(1Q°12 + D™ /2(QxQ" = x)(IQI2 + D)™ 2|

= @+ n2ex0 - x)(@ + 2|

= 11(Q + D1 (@xQ — X)|

= 11(Q + DMII(@XQ = Xl < 1(@XQ — X)II -+ {by(:)}.
Thus, [|Go (X)) || < II(@XQ — X)I
Hence, ||Go CO|| < [|pe (0| m

Corollary (3.4)
Let Q be a projection operator on B(H) of chordal transform G, then
[Go (O] < IX1I.
Proof.
From (3.2) we have:
GOl < lic@xQ - X,
and [[(QXQ — Xl < llexell — IIXIl
< llexQll + lIXIl

= IQUIXINQI + [1X1]
< X1+ 11X11 = 21Xl
Hence, ||Go(X)| < I1X]Im

Corollary (3.5)

Let Q be a projection operator on B(H) then G, (X) = 0 if and only if QXQ = X, for all X € B(H).

Proof.

Since Q is a projection operator on B(H), so Q% = Q* = Q.
Now, let assume that G, (X) = 0, we have to show QXQ = X.
Go(X) = (@ +D7(QXQ - X) = 0.

Then (QXQ — X) = 0,since (Q + N1 # 0.

Thus, QXQ = X.
Conversely, let QXQ = X,
so QXQ —X =0.

Then we have to prove Go(X) = 0

Go(X) = (@ + 7' (QXQ —X) = 0.
Hence, the proof is complete. m

Remark (3.6)
From above corollary we can define ker G, as

ker G, = {X € B(H)\QXQ = X}.
Corollary (3.7)
If Q is a projection operator on B(H), then
lIGe @Ol = [leeCOII]-
Proof.
From (2.2) and (I + Q)~t < I, it follows:
[lGo Ol = @ + D7 (@xQ =)l < 1@ + DI HlexQ — X1l < [llexQ — XII|
= |[lpo COI|
Thus, [[[GoCOII] < [[log GO m
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Theorem (3.8)

If Q,W € B(H), when Q is a projection operator and normal, W € C, with QW*Q = W™, then
llpg (X) + WII3 = llpg CONIZ + IW113,

forall X € B(H).

Proof.

From (2.5) and (2.7) we can have

lpe (X) + W||§ = {pg (X) + W,po (X) + W) = [Ipg (X)I13 + 2 Repg (X), W) + [[W||3
Now we have to show {p, (X), W) = 0.

Since QW*Q = W™ , and Q is projection operator,

SoQW* Q" =W* and QW*Q = Q*, then we have

(pg (), W) = tr (W*pq (X)) = tr(W*QXQ — QW*QX)

= tr(W*QXQ) — tr(QW"QX)

= tr(QW*QX) — tr(QW*QX)

tr((QW*Q — QW*Q)X) = tr(0) = 0.

Thus, (pp (X), W) =0

Hence, [[og (O + W||2 = [lpg CO[IZ + W13 m

Theorem (3.9)
Let Q,W € B(H), where Q is a projection operator and normal, W € C, and QW *Q = W*, then

2 2
1Go CO +WI|, = [[Go COII, + IWII3.
Proof.
Since Q € Cy, thenlet Go(X) + W & C3, 50 Go(X) € Cs.
So, by (2.5) and (2.7) [|Gq (X)||; = oo.
2

Then [|Go (O[S + W13 = oo.
Now suppose that G, (X) + Q € C;.
Since Q is projection operator and QW*Q = W™,
Then Q*W*Q = W*or QW*Q* = W".
Thus, WGy (X) € C.
W Go(0) = w* ((1Q"I2 + 1) 72(QXQ" = X)(IQI? + 1) /z)

=W (1Q 12+ D 20XQ*(1Q1* + D™ /2 —r w*(1Q*12 + D) /2X(1QI2 + 1) /2
tr QW QUQ 2+ 1 2X(QI* + D™z —tr W*(1Q*12 + D)™ 2X(1QI2 + /2
a W Q12+ D 2XQIE + D 2 —wr Wr(IQ 12 + D 2X(1Q12 + )z

=0
Therefore, tr W*G,(X) = 0.
Hence, [|Gq (X) + W||” = [|Gq (O|; + 2Re tr W*Go(X) + IW 113

= [|Go | +IW|3m

4. Conclusion

This paper introduced new formula for generalized derivation p, (X), where Q is defined as a
projection operator on B(H). This simplifies the Chordal transform formula for solving problems
under particular projection conditions (Q? = Q* = Q). Furthermore, utilizing the norm operator in
some theory, norm equality and inequality between G, (X) and p,(X) are shown in a straightforward
and understandable manner. Finally, in certain results, we illustrated the Kernel of Chordal Transform,
which may lead to further results in future work.

54



On the Role of the Projection Operator... J. Basrah Res. (Sci.) 52(1), 50 (2026).

Acknowledgement
The author appreciates to the referee for encouraging this paper.

References

[1] N. I. Akhiezer and I. M. Glazman, Theory of Linear Operators in Hilbert Space. New York: Dover
Publications, 2013. Available: ISBN 9780486318653.

[2] O. Hirzallah and F. Kittaneh, “On the chordal transform of Hilbert space operators,” Glasg. Math.
J., vol. 44, no. 2, pp. 275-284, 2002. DOI:10.1017/S0017089502020086

[3] D. S. Mitrinovi¢, "General Inequalities,” in Analytic Inequalities, Eds. Springer Berlin: Heidelberg,
pp.27-185, 1970. DOI: https://doi.org/10.1007/978-3-642-99970-3

[4] J. Anderson, “On normal derivations,” Proc. Amer. Math. Soc., vol. 38, no. 1, pp. 135-140, 1973.
DOI: https://doi.org/10.1090/S0002-9939-1973-0312313-6

[5] M. Delai, S. Bouali, and S. Cherki, “Une remarque sur 1’orthogonalité de I’image au noyau d’une
dérivation généralisée,” Proc. Amer. Math. Soc., vol. 126, no. 1, pp. 167-171, 1998. DOI:
https://doi.org/10.1090/S0002-9939-98-03996-3

[6] B. P. Duggal, “Range kernel orthogonality of derivations,” Linear Algebra Appl., vol. 304, nos. 1—
3, pp. 103-108, 2000. DOI: https://doi.org/10.1016/S0024-3795(99)00193-7

[7] D. Kecki¢,"Orthogonality of the range and the kernel of some elementary operators," Proc. Amer.
Math. Soc., vol. 128, no. 11, pp. 3369-3377, 2000. DOI: https://doi.org/10.1090/S0002-9939-00-
05890-1

[8] F. Kittaneh, “Inequalities for the Schatten p-norm,” Glasg. Math. J., vol. 26, no. 2, pp. 141-143,
1985. DOI: https:// doi.org/10.1017/S0017089500005905

[9] F. Kittaneh, “Normal derivations in norm ideals,” Proc. Amer. Math. Soc., vol. 123, no. 6, pp.
1779-1785, 1995. DOI: https://doi.org/10.1090/S0002-9939-1995-1242091-2

[10] N. Altwaijry, et al., “New results on some transforms of operators in Hilbert spaces,” Bull. Braz.
Math. Soc. (N.S.), vol. 55, no. 3, p. 42, 2024. DOI:10.1007/s00574-024-00416-5

[11] Y. Latushkin and S. Sukhtaiev, “First-order asymptotic perturbation theory for extensions of
symmetric  operators,” arXiv  preprint arXiv:2012.00247, 2020. DOIl: https:/
doi.org/10.48550/arXiv.2012.00247

[12] E. Alpay, T. Alpay, and H. Alakkad, “Transfinite iteration of operator transforms and spectral
projections in Hilbert and Banach spaces,” arXiv preprint arXiv:2508.06025, 2025. DOI: https://
doi.org/10.48550/arXiv.2508.06025

[13] J. Toft, “The Zak transform on Gelfand—Shilov and modulation spaces with applications to
operator theory,” Complex Anal. Oper. Theory, vol. 15, no. 1, p. 2, 2021. DOI:10.1007/s11785-
020-01039-6.

[14] J. B. Conway, A Course in Functional Analysis. New York: Springer, 2019. Available: ISBN
978-1-4757-4383-8

[15] A. Zamani, “A geometric approach to inequalities for the Hilbert—Schmidt norm,” Filomat, vol.
37, no. 30, pp. 10435-10444, 2023. DOI: 10.2298/FIL2330435Z.

55


file:///C:/Users/Day%20Technology/Desktop/paper%20revision%20Basra/ISBN%209780486318653
doi:10.1017/S0017089502020086
doi:10.1017/S0017089502020086
https://doi.org/10.1007/978-3-642-99970-3
doi:%20https://doi.org/10.1090/S0002-9939-1973-0312313-6
doi:%20https://doi.org/10.1090/S0002-9939-98-03996-3
doi:%20https://doi.org/10.1090/S0002-9939-98-03996-3
https://doi.org/10.1016/S0024-3795(99)00193-7
https://doi.org/10.1016/S0024-3795(99)00193-7
doi:%20https://doi.org/10.1090/S0002-9939-00-05890-1
doi:%20https://doi.org/10.1090/S0002-9939-00-05890-1
https://doi.org/10.1017/S0017089500005905
doi:%20https://doi.org/10.1090/S0002-9939-1995-1242091-2
doi:10.1007/s00574-024-00416-5
file:///C:/Users/Day%20Technology/Desktop/paper%20revision%20Basra/Doi.org/10.48550/arXiv.2012.00247
file:///C:/Users/Day%20Technology/Desktop/paper%20revision%20Basra/Doi.org/10.48550/arXiv.2508.06025
doi:10.1007/s11785-020-01039-6.
doi:10.1007/s11785-020-01039-6.
file:///C:/Users/Day%20Technology/Desktop/paper%20revision%20Basra/ISBN
file:///C:/Users/Day%20Technology/Desktop/paper%20revision%20Basra/978-1-4757-4383-8
doi:%2010.2298/FIL2330435Z.

U Journal of Basrah Researches (Sciences) 52(1), 50 (2026)
&7/ DOI: htps://doi.org/10.56714/bjrs.52.1.4.

A disadll Fisa B LA Agal) Jsa
*a S .9l O

oA iledadl slealull Gaals onlud) ailadl) S Al 1 o slal) and

ailal) Giag) cila gla

I sl Sty

R S s 5 5 ) S LYl S el B s 2RO

dsaill aan Ao s () (5350 Laa  Jisall 128 e Ul ) GELEN Axpia 2026 &) x5~ 30 el
(sl Jisadll 8 Llawy) Jish paliad jlasl) o3 celld ) ALl g 554

Gl y iy gl pailadlly (P-cili Jlmes chimadeciba e iy b Ly Aalidal) cilalsl

Lé)ﬂ}“dﬁ}éﬁﬂigdﬂ\w\uyaa)megdﬁéacu\)ﬁy‘éh_ﬁ)ﬂ\ubé L )
Db ¢ P-gild Jlxs ¢ i 5l
el jla

Citation: A. O. Karim., J.
Basrah Res. (Sci.) 52(1), 50

(2026).
DOl:https://doi.org/10.56714/bj
rs.52.1.4
“Corresponding author email: avin.karim@univsul.edu.iq
©2022 College of Education for Pure Science, University of ISSN: 1817-2695 (Print); 2411-524X (Online)

@ @ Basrah. This is an Open Access Article Under the CC by Online at: https://jou.jobrs.edu.ig
B License the CC BY 4.0 license.


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.56714/bjrs.52.1.4.
https://creativecommons.org/licenses/by/4.0/
https://jou.jobrs.edu.iq/
https://doi.org/10.56714/bjrs.52.1.4
https://doi.org/10.56714/bjrs.52.1.4

