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In this study, we present a generalization of the well-
Received 16 June 2022 known Bernstein operators based on an odd positive
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Published 30 December 2022 studying the simultaneous approximation where we prove

that the operator K_(n,r)*((s) ) (f;x) convergence to the
Keywords: function f((s) ) (x) then we introduce and prove the

i . Voronovskaja-type asymptotic formula  when (r=3)
Bernstein operators, S|multa!1e0u5, giving us the order of approximation O(n(-2) ) which is
approximation, VVoronovskaja-type, better than the order of the classical Bernstein operators
asymptotic formula, Modulus of O(n"(-1) ) followed by the error theorem and at the end,
continuity. we give a numerical example to show the error of a test

function and its first derivative taking different values of
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1. Introduction

The classical Bernstein polynomials are defined as [1].
n
k
Ba(fin) = ) puk@f (7). ®
k=0

where p, . (x) = (:)xk(l —x)"*  fec[o1] and x € [0,1].
Several generalizations and modifications was presented by many researchers [2,2,3, and 5] some
researchers studied other operators [6,7,8,9, and 10]. In 2005 Pallini [11] defined a new modified

Bernstein operators involving the parameter > —% , f € C[0,1],x € [0,1].

B s(f;x) = i PO f (x + %(g = X)> (2)
k=0

Recently, Mohammad and Hassan [12] gave a new sequence of integral types based on two parameters,
for f € C,[0,),n,r,s € Nandy € [0,y).
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1
Ar(ny)
where 4, ;(y) = Z;";O(}T'l—:;,i € N° . In our study, we present the following generalization for f €
C,[0,1],x € [0,1] and r = {1,3, ... }, we have

Ko (1) = Z Pric()f (x +(o- x)) @
k=0

Where C,[0,1] = {f € c[0,1],|f| < M|t|" for somey > 0,M constant} after introducing some
preliminaries, we investigate three main theorem starting with the simultaneous approximation moving to
Voronovskaja-type asymptotic formula proving that the approximation order is improved, followed by
the error estimation and support this by providing numerical example showing the behavior of the error
curveforr =1,r = 3.

y
Myrs (3 y) = f A (D f(y + (T — )%, 3)

2. Preliminary Results

The following preliminaries are used in the main results of the next sections.
Lemma 2.1. [13] For x € [0,1] and m € {0,1,2, ... } the moment function For B, (f; x) is defined as.

Tam(x) = Bp((t —x)™; x) = z": Dt (X) (S — x)m
k=0

then,

) Tn,o(x) = 1rTn,3(x) =
x(1—x)
=

x —3x?% 4+ 2x3

n2

(@) Tyme(x) = T () + MTy g (1)), form > 1

_[m_+1]
(i) RM@=0@ z)
Lemma2.2. For x € [0,1] and € {0,1,2, ...} ,r = {1,3,5,7, ...},
n m
k T
Yomr(x) = Kn,r((t —x0)™x) = kz Pnk (x) (x + (E — x) — x) .
=0

Then,
) Yn,o,r(x) = Tn,o(x): Yn,3,r(x) = Tn,3r (x).

i) MMM=0@¥T%-

Proof.
n k r m
Yn,m,r(X) = Z Pnk (x) (x + (; — x) — x)
k=0

_ i Pre (%) <(§ ) x)r>m’
Yo () = Ty (5, k=0

As a consequences of the above formulas (i), (i) hold.
Lemma 2.3. [13] For ¢ € N and x € [0,1], then there is a polynomial R, . . (x) that is independent of n
and k,then.

© 1 a

- E k—nx)eR

(pn'k(x)) A —x)r 2a+escn (k — nx)® Rg e,c (X) pic (x)
a,e=0
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Lemma 2.4. For g € N°, we have
Knr(t7;%) = xTy 0(x) + qx 97 T (x) + 0(n77).
And lim K, ,(t%;x) = x
n—-oo

Proof.

K (£9; %) = i P (x) <x + (% - x)r>q,
jr
Ko (£453) = anku)Z( Jar-i (-2

By 5|mpI|f|cat|on of the above formula, we get
Kn,r(tq;x) = qun,O(x) + qxq_lTn,r (x) +0(n™").

3. Main Text

This section includes the three main theorems for the operators K (S)(f X) .
Theorem 3.1
Let f € C,[0,1], s € N® and £ (x) exists for x € (0,1) the following relation holds.

lim K2 (F(0);%) = f9 (),

Proof. We have The Taylor expansion of the function f(t) is

SIe))
f@) = z ! pp!(x) (t =P +(t —x)%e(t, x),
p=0

as t — x the terms e(t X) goes to zero

KNPy = Z P20 k) (e = 297300 + KE(Ce = 2070020 = My + M,

* £
m=yr pp( )K(”«t — %)% %)

p=0
-3 OB () o),
p=0 j=0

By using Iemma 2.4

) $
Z e Z( ) 0T (0 + 1T, 0 + 0077)

(5)

Zf(p)(x)z< )( . Jd _(x)+ pr @ ( ) x)P~ ] d’ (jxj—lTn,r(x)+0(n‘r))

.—W1+W2,
ie o ds i
Asfor Wy if j <sthen —(x/) =0, then

Wy - fOx) asn - o
And the terms W, » 0 asn — o
Now we take,
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M, = K,(lfr)((t —x)%e(t,x); x) = i(pn,k (x))(s) (g — x)rs € (E,x)
k=0

n
By lemma 2.3,
n s
1 “ . k k
M, = Z A2 Z n®(k — nx)® Ry e s(x) P (x) (T_l - x) £ (r_l'x)
k=0 2a+ess

a,ez0

R X
|M2|S sup M Z ne Z pn,k(x)lk_nxle

2a+e<s x5 (1 — x)$
a,e=0 2a+ess
a,ez0

o ele)
el

|%—x|<6

DT Pl —male

|%—x|26
k rs+e k
IM,| < p Z nate z Pk (%) |——x s(—,x)|
2a+tess k n n
a,e=0 |ﬁ_x|<5
k “||1k ok
+ z x |——x ——X s(—,x) =71 +7Z
) P i (x) n n n 1 2
|ﬁ—x|25
_ |Ra,e,s(x)| H
where p = LSUP o and then write Z as
a,e=0
1 1 rs+e k
_ a+e 2 2|k _ -
= Baseesn®® (S s (s @) (o) [ =] [e(5.9)])

For e > 0,35 > 0 such that |§ — x| <6 - |s (sx)| < € and by applying Cauchy-Schwarz inequality,
1

5 =
2(rs+e)

Zy = pe z nate z Pk (%) z pn,k(x)(g—x)

2itess \|[Ed<s [ =2]<s

1
7, < pe z note (O(n—(rs+e)))2

2a+tess
a,e=0
—rs+e+2a)

ZlngZOn 2

2a+tess
a,e=0

Asn —>oothenZ; - 0
Finally, we have

Zi=p ). n( > pa@lk—nal’

2a+ess

k Sk
(i) <)
n n
a,e=0
For |%—x| > 6, 3L > 0 such that |(§—x)rss(s,x)| < L|§—x|/1

k |’1)
——x| )
n

|%—x|25

e

Zy < pLY2a+essn®*e <Z|E_x|zapn'k(x) |§ —

a,ez0
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Applying the same simplifications in Z,

Z,—>0asn—- oo

Hence K,(lfr)((t —x)%e(t,x); x) > 0 as n — oo,then (5) is obtained.
Theorem 3.2

Let f € C,[0,1]. and £©*2) (x) exists and continuous, where s € N°, then

ggndggqno—ﬂﬂuﬂ=zﬂs—m@—1yﬁﬂuqms—ns—@§x—xamﬂkﬂu)
+ (s 4 65x + 453x% + 25x2)f ) (x)

2 202 _
N <x 3 <2x + sz 3 ZS)> n 2x3>f(s+1) (x) (6)

proof. As a result of the Taylor expansion of the functionf (t), we get
S+2

)
R e 2 R T (PO LH ()

v=0
where (t,x) - 0ast = x.Then,
s+2

K (F (£; ) = z ~ ( )K“)((t —20)%20) + K3 (¢ — 0%+ 2e(t,x);0): = By + By

2 —me(’“)Z( )

By Iemma 2.3

Now by taking r = 3 and using lemma 2.1.

Ey = f®(x )+zf(v)(x)2( ) x)V” ’d;< X _3x1:; 2 + o(n—3)>.

Doing some S|mpI|f|cat|on, we get

(%))

Ay = FO0) +25(s —2)(s = DFS2 + (3(s — 1)s — (2s3x — 252x)) fS™ D (x) + (s + 3s%x +
2 2(2_

453x% + 2sx2)f O (x) + (x -3 (2x+s+(325)) + 2x3)f(5+1) (x) + 0(n™3).

As for A,using the same technique used in theorem 1.3, we have A, - 0ast — o

Hence we obtained equation (6)

Theorem 3.3
Let f € C,[0,1] with y > 0 and f continuous and differentiable n-times on the interval (a — a,b + a) C

(0,1) , for some a > 0 where 0 < n < s + 2 the following inequality holds,

LSRG EVAIO]

_[ﬂ] m
Swn L2 Z”f(p)”c[a,b] +wn 2 W + 077, (7)

where wy, w, are two independent constants of f and n and wy (8) defined as the modulus of continuity of f.

P (t— ) + [P@O-FDC)

Proof. Using the finite Tylor’s expansion of (t) , we get f(t) = ZZ:O - p”

X)TH(E) + q(t, ) (1 — H(®D)),
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where € € (t,x)and H(t) is The characteristic function of (a — o,b + 0), for x € (0,1) andt € (a —0,b +
o) , we have

e M () — £
=Y vp!(x) c—xp + L (€)n!f P o
p=0
where
T )
1@ =@ -y LB -
p=0
Then,

K ©:0 =190
( me) = £
Z : pp(X) KO~ 0072 = O @) + K (f o o) x)

p=0
+ K (q(t, ) (1 - H®); x),
= py + B2+ B3,
Now,
1= ) ———~— ) (=0)PTK (s x) — 19(x
p=0 P =

Using lemma 2.2 and lemma 2.4, we get

r+1
1Billcfasy < win U2 )Y (7@l + 07
p=0

Next we estimate the term

) )
|B.] < <f - (E)n - (x)( —x)”H(t);x>

w ¢ (6) It — x|
18] < fTKr(LSr) ((1 + T) It —x|"; x
wemy (&) [ d5 [ ko™ = k
Bal < fT[dxs (Z pri@ =2 467 paaCo |-
' k=0

k=0
1
Choosing 6 = n" 2 and using Schwarz inequality We obtain,

K(s)

")

1

ol s\ (n ) Z ons) (prsco (5 =) )

n

1
N n_% Z (pn,k(x))% (Pn,k (x) (% _ x)zrn+2>2

k=0
1
Wem) (n 2) - 1 —(rn+1
f -m _1 —(n+1)
A ST[O(TI 2 )+n ZO(n 2 )]
: 1
Q) (n 2) -

1B2] < TO (nT)

-m 1
|52 < wyn'2 W) (Tl 2),
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Finally, we have

1Bl < d%(; Pk (%) |q (%x)D

Since t € [0,1] \ (a — o,b + o) we choose § > 0 inaway to have |t — x| = & therefore there is M > 0 such
that |q(t,x)| < A|t — x|7, and for all x € [a, b], then

(3 rcolal)])

|t—x|=6
T)

4 [~ k
185l < dxs an,k(x)Ah—x
k=0

Using Cauchy-Schwartz inequality again and lemma 2.3 , we conclude
1Bl =0(n®), e>0
By combining B, B2, B3 We get (7).

dS
<
1Bl < =

4. numerical data

In this section we gave some numerical example comparing the error carve of approximation two test functions
by Kn,1 (f;x) and Kn 3.

Example 4.1
Suppose that f(x) = cos(11mx),x € [0,1], is the test function.

0.84 0.8+

0.61 0.61

0.4+ 0.41

0.2

OJ’Wﬂ‘/\/ L1\ \/\’mw\l O.Z.ﬂv«:/\/\ NANL

0 02 04 06 08 1 0 02 04 06 08 1

X X

~

[ r=1 =3 I [ =1 r=3J

Fig 4.1 The error curve |K,;(x) — f(x)| and |Kp3(x) — f(x)|when n = 5 in the left and n = 10 on the
right.
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104 101

0 02 04 06 08 1 0 02 04 06 08 1

l =1 r=3] [ =1 =3 I

Fig 4.2 The error curve |K;, ; (x) — f'(x)| and |K;, 3(x) — f'(x)|when n = 5 on the left and n = 10 on the
right.

5. Conclusion

This paper gives a generalization of the well-known Bernstein operator with the goal of improving the
order of approximation. also we provide two numerical example that shows the error function
|Kp () — F(x)| and |K;,-(x) — f'(x)| when n =5,n =10 demonstrating that approximation become
more accurate when r = 3 the r = 1.
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